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We introduce branch and infer, a unifying framework for integer
linear programming and finite domain constraint programming.
We use this framework to compare the two approaches with
respect to their modeling and solving capabilities, to introduce
symbolic constraint abstractions into integer programming,
and to discuss possible combinations of the two approaches.

C ombinatorial problems are ubiquitous in many real world
applications like scheduling, planning, transportation, as-
signment, and many others. Besides special purpose algo-
rithms to compute exact or approximate solutions, there
exist also general approaches to solve this kind of problem.
We are interested here in two such approaches:

e Integer linear programming (ILP)
¢ Finite domain constraint programming (CP(FD))

Integer linear programming has a long tradition in opera-
tions research and has produced a large number of impres-
sive results during the last 40 years, see for example [37, 30].
Finite domain constraint programming is a promising new
approach for solving complex combinatorial problems,
which combines recent progress in programming language
design, like constraint logic programming®! or concurrent
constraint programming,[42] with efficient constraint solving
techniques from mathematics, artificial intelligence, and op-
erations research, see for example [49, 50].

The aim of this paper is to develop a unifying framework
for integer linear programming and finite domain constraint
programming. On the one hand, we want to clarify the
relationship between these two approaches and identify
(some of) their strengths and weaknesses. On the other
hand, we want to show how each of the two approaches
may profit from the other and indicate possible ways to-
wards their integration. This continues our previous work in
[15, 16,9, 8].

Practical problem solving usually involves two steps:
[44, 52, 53]

* Model building

¢ Model solving

In the first step, we develop a model of the problem in some
formal language. In the second step, we solve this model on

a computing system, possibly after translating it into a more
machine-oriented form. In order to compare integer linear
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programming and finite domain constraint programming,
we ask two fundamental questions, closely related to each
other:

e How expressive is the language that we can use to build
a model? (Declarative view)

e How efficient are the algorithms that support this lan-
guage when the model is solved? (Operational view)

Very roughly, we can say that finite domain constraint pro-
gramming offers the more powerful language to express
combinatorial problems, while integer linear programming
supports only a rather small language, for which however
very efficient algorithms are available. The overall perfor-
mance of the two approaches, i.e., the tradeoff between
expressivity and efficiency, is of course problem dependent.

The organization of this article is as follows. We start in
Section 1 by comparing integer linear programming and
finite domain constraint programming from the declarative
point of view. We formally define the underlying constraint
languages in the framework of first-order predicate logic
and give a declarative logical semantics in the standard
model of rational numbers. In Section 2, we compare the two
approaches from the operational point of view. To describe
the operational semantics, we develop a unifying frame-
work, branch and infer, and show how this subsumes the two
approaches. In the remaining sections, we use this frame-
work to extend ILP with concepts from CP(FD) and vice
versa. In Section 3, we show how the symbolic constraint
concept of constraint programming might enrich integer
programming. In Section 4, we discuss how linear program-
ming might enhance finite domain constraint solving and
indicate possible ways towards an integration of the two
approaches.

1. Modeling Combinatorial Problems in ILP and CP(FD)

When we solve a combinatorial problem on a computer, we
first need a language to formulate the problem. For example,
this can be a modeling language from mathematical pro-
gramming, like AMPL or Gams,*¥ or a high-level program-
ming language from computer science, like cHip, 3!
CLAIRE,"”! EcLIpsE,'°Y 1LOG solver,!®”! 21p,1%%! 07,1#5] or PRO-
LOG Iv. In order to clarify the relationship of the constraint
languages underlying ILP and CP(FD), we propose to use

Integer programming, computational logic, semantics, branch and bound.
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first-order predicate logic,*™ which gives us a standard syntax

and a very well understood semantics to compare the two
approaches. There exist also higher-order notions in finite
domain constraint programming, but we do not consider
these in the present article.

In first-order predicate logic, a language is defined by a
signature = = (F, P), where F is a set of function symbols and
P is a set of predicate symbols with given arities. Function
symbols of arity 0 correspond to constants. Furthermore, we
need a countably infinite set V = {x, y, z, x;, x,, ...} of
variable symbols. A term t is built from function and variable
symbols in the usual way, i.e. a variable or a constant sym-
bol is a term, and if fis an n-ary function symbol and ¢,, .. .,
t,, n =1, are terms, then f(t, . . ., t,,) is a term. The set of all
terms over F and V will be denoted by T(F, V). We always
assume that F contains a set F, = {0, 1, +, —, -, /} of
arithmetic function symbols, which allow us to represent
rational numbers p/q € Q, and the list constructors [ ] and
[-]-] Here, [ ]stands for the empty list, and [|t] for a list
with head element & and tail t. [a4, . . ., 4,,] is an abbreviation
for the list of elements a,, ..., a,,.

Definition 1.1

A constraint is a logical formula of the form p(t,, . . ., t,,), with
an n-ary predicate symbol p € P and terms ¢, ..., t, €
T(F, V). An arithmetic constraint is of the form t; < t,, with
arithmetic terms t,, t, € T(F,, V) and ¢ € {=, <, =, #, <,
>}. An integrality constraint is of the form integral([x,, ...,
x,,]), with variables x,, . .., x,, € V. All other constraints are
called symbolic. The constraint language associated with a
signature X is the union

L=AUIUS

of the set A of all arithmetic, the set I of all integrality, and
the set S of all symbolic constraints. For a constraint set C C
L, we denote by Var(C) the set of all variables occurring in
some constraint of C.

The Constraint Language of ILP.

Let 2, » = (F;.p, Py.p) be defined by

° FILP:{Olll +r o .I//[ ],['|']}ar1d

o P, p = {<,=, =, integral}.

The constraint language L, , of integer linear programming is

given by

e Ayp={2iax;<bla,beQ,x, € VYU {Z ax;,=0b]|a,
be Q, x, eV}

o [, p = lintegral([xy, ...

* Sup=9.

This means that we have only linear equations and inequal-

ities, and the integral constraint. There are no symbolic con-
straints.

7 xn]) | xi € V}

The Constraint Language of CP(FD).

Consider the signature ., = (Fyp, Prp), where

° FFD={011/+/_/.///[ ]!['|.]}and

o Py =<, =, =, #, >, <, integral, alldifferent}.

A mini constraint language Ly, for finite domain constraint

programming is given by

* App = 2L, ax, O b, x; O xjla, bEQ, x, x5, EV, O E
= ==%><l

e [, = {integral([xy, . ..

e S, = {alldifferent([x,, . .

7 xn]) |xi € V}
s xn]) |xi € V}

The main difference to L;, is the presence of symbolic
constraints. The mini constraint language L, contains only
one symbolic constraint, alldifferent([x,, ..., x,]), which in-
tuitively says that the variables x, ..., x, should take dif-
ferent values. In traditional integer programming, a qua-
dratic number of constraints would be needed to express
this condition. More realistic finite domain constraint lan-
guages will contain various other symbolic constraints. For
example, the constraint logic programming language CHIP
provides a number of so-called global constraints, e.g., cu-
mulative, to express cumulative resource limits over a time
period (cf. Example 1.4), diffn, for non-overlapping of n-
dimensional rectangles, cycle, for the number of cycles in a
directed graph, or among and sequence, for various con-
straints on sequences of finite domain variables (see
[1, 13, 12] for more details).

After introducing the syntax, we next give the declarative
semantics of our formulas. This is done by interpreting all
symbols over the field @ of rational numbers. An n-ary
function symbol f € F corresponds to a function f: Q" — @,
an n-ary predicate symbol p € P to a relation p C Q"
Variables are interpreted using an assignment o : V — Q,
which can be naturally extended to an interpretation of
terms a : T(F, V) — Q. We say that a constraint p(t,, ..., t,)
is valid or true under the assignment e, if p(a(ty), ..., a(t,))
holds in Q". In particular, an arithmetic constraint t, < t, is
true (under o) if a(t;) < aft,) holds in the rational numbers,
where & € {=, =, =, #, <, >}. The constraint integral([ x,,
..., x,]) holds if a(x,), ..., a(x,) are integer numbers. The
constraint alldifferent([x,, . . ., x,]) holds if a(x;) # a(x)), for
all 1 <i <j < n. A constraint set C is satisfiable or feasible if
there exists an assignment « : V — Q such that all constraints
in C become true under «, otherwise it is called infeasible. If
Var(C) = {x,, ..., x,,}, we call the vector (a(xy), ..., a(x,)) €
Q" a solution of C. The set of all solutions will be denoted by
sol(C). Given two constraint sets C, C' we say that C entails
C’, and write C — C’, if all assignments satisfying C also
satisfy C'.

Definition 1.2
Let L be a constraint language. A combinatorial problem is
given by a finite set C C L of constraints such that for each
variable x € Var(C) the set C contains an integrality con-
straint integral([. .., x, ...]) and a lower and upper bound
constraint x = [, x < u, with [, u € Z. Logically, a combina-
torial problem C corresponds to the conjunction of the con-
straints in C.

Although the constraints are interpreted over the rational
numbers, the integrality and bound constraints ensure that
the set of values which a variable can take is always a finite
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domain, i.e., a finite set of integer numbers. We need such a
condition because otherwise the problem would be beyond
the scope of finite domain methods. If we were interested in
ILP alone (and not in CP(FD)), we could also formulate
mixed-integer problems, i.e. impose the integrality and
bound constraints only on some of the variables.

Definition 1.3
Let C be a combinatorial problem and f: Q" — @ a function.
We call a problem

opt{ f(x) | x € sol(C)},

a combinatorial optimization problem. A solution x € sol(C) is
optimal if

with opt € {max, min}

f(x) & f(y),

with & € {=, <} depending on whether we are in a maxi-
mization or in a minimization context. For the rest of the
article, we will assume without loss of generality that com-
binatorial optimization problems are maximization prob-
lems.

forally € sol(C),

Example 1.4

We illustrate the two constraint languages on a small exam-
ple. The problem is to pack six different chemicals into bins,
such that the number of bins becomes minimal. The chem-
icals arise in the following quantities:

Chemicals E, E, E; E, Es; E,
Quantities 3 2 1 5 3 4

All bins have the capacity 5. For reasons of security, the
chemicals E,, E, and E; have to be packed into different bins.
Since we have six chemicals that arise in quantities less than
or equal to 5, we need at most six bins.

In our CP(FD) model we use the alldifferent constraint and
a simple form of the cumulative constraint [1]:

cumulative(Start, Duration, Resource, Limit, End)

e Startisalist[S;, ..., S,] of variables or natural numbers.
e Duration is a list [Dy, ...,
numbers.

e Resource is a list [R;, ...
numbers.

D,] of variables or natural
, R,] of variables or natural

e Limit is a natural number.
e End is a variable or natural number.

The main application of this constraint is in scheduling,
where the variables S; denote the starting time, D, the dura-
tion, and R; the resource consumption of a task i, for i
1, ..., n. End denotes the total end of the schedule. The
constraint expresses that at any time point f the total number
of resources required by the tasks does not exceed the given
limit, i.e., Z5<j=s+p,—1; R; =< Limit.

For bin packing, the cumulative constraint can be used in
the following way. We introduce for each chemical a vari-
able E, that can take a value from {1, ..., 6}, which corre-
sponds to the bin it is assigned to. For the number of bins we
use a further variable B that can also take a value between 1
and 6. Representing the bin packing is now done as follows.

We use the variables E;, ..., E4 as the starting time vari-
ables. Each time point represents a bin. Thus assigning E,
the value 2 means to pack E, into the second bin. A duration
of 1 for all the E; ensures that there will be no overlap
between different bins. The quantity of the different chem-
icals is represented by the resources, and the bin capacity by
the total resource limit, which we choose to be 5. Viewed as
a schedule, the minimal completion time is exactly the min-
imal number of bins required. The security requirement is
modeled by an alldifferent constraint on the variables E,, E,
and Ej.

min B

s.t.  cumulative([E,, E,, E;, E4, Es, E¢],

[1,1,1,1,1,1],[3,2,1,5,3,4], 5, B),
alldifferent([E,, E,, E;]),
1<E;<e6, i€ {l,...,6}
B =<6,
integral((E,, E,, E;, E4, E5, E,, B]).

Note that the estimate on the number of bins does not affect
the size of the model if we use a cumulative constraint. It is
only required for the upper bound of the variable B.

In integer programming, the estimate on the number of
bins has much more influence on the size of the model. Here
we use 0-1 variables x;; indicating that chemical i is packed
to bin j, and variables y; indicating that bin j is used in the
packing.

. 6
min » ;
- Yj

s.t. Ef"lx,-,:l,z' ef{1,...,6!
-

3xy; + 2x5; + 1xg + 5y + 3x5 + 4xg; < 5y,

j el ...
jef{l,...,6}
ie{l,...,6}
jef{l, ..., 6}

7 6}
Xy X+ x5 <1,

1, jed{l, ..., 6}

O$xi]-$
0=y =<1,

integral([ xy;, . . , Yel).

While the integer model uses 42 binary variables and 18
arithmetic constraints (without bounds and integrality con-
straint), the CP(FD) model needs only 7 FD variables and 2
symbolic constraints and thus is much smaller. This is a
general observation. Due to the symbolic constraints,
CP(FD) models are often much more compact than corre-
sponding ILP models.

-rxéérylr-"

2. Solving Combinatorial Problems by Branch and Infer

After having compared the constraint languages of ILP and
CP(FD) from the declarative point of view, we now come to
their operational semantics. We develop a general frame-
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work, branch and infer, that unifies the classical branch-and-
cut approach from integer linear programming®”! with the
usual operational semantics of finite domain constraint pro-
gramming.[‘w]

2.1 Primitive and Nonprimitive Constraints

We start from a common distinction in finite domain con-
straint programming™®! and split the constraint language L
into a set Prim(L) of primitive constraints and a set NPrim(L)
of nonprimitive constraints, such that

e [ = Prim(L) U NPrim(L) and
e Prim(L) N NPrim(L) = <.

Intuitively, the primitive constraints are those constraints
that can be easily solved. In other words, we always assume
that for a set of primitive constraints there exist efficient, i.e.,
at least polynomial, methods for satisfiability, entailment,
and optimization. The nonprimitive constraints are the dif-
ficult constraints, for which such methods do not exist (in
conjunction with a set of primitive constraints). Adding
nonprimitive constraints to a problem makes it hard to
solve.

Primitive Constraints in ILP.

Given the constraint language L, , of integer linear pro-
gramming, we define

e Prim(L;, p) = A p and
e NPrim(L;;p) = Ijyp.

This means that the primitive constraints are linear equa-
tions and inequalities over Q, while the only nonprimitive
constraint is integrality.

Primitive Constraints in CP(FD).

For the mini constraint language L, of finite domain con-
straint programming, we may choose

e Prim(Lyp) = {(x<u,x=Lx#0o,x=y|lx, y €V, 1u,
veZ} U Iy
e NPrim(Lyp) = Lpp \Prim(Lgp).

On the one hand, we have only very simple equations and
inequalities, where the left-hand side and the right-hand
side is either a variable or a constant. On the other hand, we
also admit certain disequalities. Moreover, integral([x, . . .,
x,]) is also primitive now. Therefore, in finite domain con-
straint programming, the primitive constraints of a combi-
natorial problem will be solved over the integers and not
over the rationals.

From the viewpoint of integer programming, the set of
primitive constraints Prim(C) of a combinatorial problem C
defines a relaxation of the problem, i.e., a constraint set rel(C)
such that C — rel(C). We say that a relaxation rel(C) is
stronger than a relaxation rel’(C), if rel(C) — rel’(C), and
strictly stronger, if moreover rel’(C) -4 rel(C). Primitive con-
straints are in general not powerful enough to express a
combinatorial problem. This can be caused by their limited
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Figure 1. Geometric illustration of the point sets.

expressivity or, even if their expressivity is sufficient, by the
fact that a representation of the problem in terms of primi-
tive constraints is not known. In finite domain constraint
programming, the primitive constraints are not expressive
enough to describe, e.g., the set {(1,0), (0,1), (1,1), (2, 1),
(1,2)} C Q2 or the set {(0, 2), (1, 1), (2, 0)} C Q7 (see Figure 1).
In integer linear programming, it is theoretically always
possible to describe the convex hull of the integer solution
set by a system of facet-defining inequalities, but for most
practical problems, such a representation is not known or is
computationally prohibitive to obtain.

2.2 Inferring Primitive from Nonprimitive Constraints

In general, a combinatorial problem contains both primitive
and nonprimitive constraints. Since an efficient constraint
solver is available only for the primitive constraints, the
basic idea is to reduce nonprimitive constraints to primitive
ones. However, as we have seen before, a complete reduc-
tion is in general not possible, i.e., we cannot just replace a
nonprimitive constraint by an equivalent set of primitive
constraints. The only thing that we can do is a partial reduc-
tion, i.e., we can infer from the given primitive constraints
and the nonprimitive constraint, new primitive constraints.
In the ideal case, we can derive sufficiently many new
primitive constraints so that by solving the strengthened set
of primitive constraints, we obtain a solution of the original
problem.

This has two consequences. The first one is that each
nonprimitive constraint does not only have a declarative
semantics but also an operational semantics, determining
how primitive constraints can be inferred during the solu-
tion process. The second consequence is that the inference
process can stop, but still a solution of the primitive con-
straints is not feasible for the whole problem. Thus we need
a second technique in order to get a complete solver. This is
branching, which will be discussed in Section 2.3.

We now describe the computational setup for handling
the inference process.*?*3! It consists of a constraint store
that contains the current set of primitive constraints and a
number of inference agents that are connected to the store,
one for each nonprimitive constraint (see Figure 2).

We require that the constraint store, i.e., the set of prim-
itive constraints, is always satisfiable and that we can effi-
ciently compute a feasible solution. For each nonprimitive
constraint ¢, the corresponding inference agent tries to infer
new primitive constraints p that follow from c and the con-
straint store.
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C Inference Agent 1 ) ( Inference Agentn )

Constraint Store

Figure 2. Architecture for constraint-based solving.

To describe our branch and infer approach in a formal
way, we will use transition rules of the form

P, S) .
o W if COI’ld
saying that from a computation state (P, S) we may proceed
to a computation state (P’, S’) if the conditions in Cond are
satisfied. Here P = {C,, ..., C,} (resp. P’) denotes a set of
combinatorial (sub-)problems C,, ..., C,, which logically
corresponds to the disjunction C; O- - - 0C,,,. The set S (resp.
S') denotes a set of feasible solutions. For any set T and any
element t, we will write t W T instead of {t} U T. When
solving a combinatorial problem C, the initial state is ({C},
&), and the final state is (&, {S}). If S = JJ, then the problem
is infeasible. Transition rules are a standard tool in compu-
tational logic. They allow us to separate the logic of the
constraint solving process from the control, i.e., the actual
use of the rules, which in general will depend on the imple-
mentation.
The operational behaviour of the nonprimitive constraints is
formalized by the rule

¢ is nonprimitive,
p is primitive,

Prim(C) Oc¢ — p,
Prim(C) -+ p.

((cwC)wP,S)

(pocwChwp, sy

bi_infer:

We say the inference process becomes stable if the opera-
tional semantics of all the inference agents connected to the
store cannot infer more primitive constraints in order to
strengthen the relaxation.

Communication Through the Constraint Store.

If more than one nonprimitive constraint is present, then the
different inference agents can communicate with each other
through the constraint store, i.e., the set of primitive con-
straints. This communication comes for free in the con-
straint-based computation model because each nonprimitive
constraint can use all the primitive constraints in the store as
input for its inference algorithm. In general, communication
can happen by exchanging primitive constraints between
the different inference algorithms, but also by extracting
some global information reflecting the interaction of all the
primitive constraints in the store, e.g., by optimizing some
objective function. Due to the communication through the
store, we can implement inference agents independently
from each other and combine them freely.

Inference in ILP.

Consider the constraint language L, , of integer linear pro-
gramming with the primitive and nonprimitive constraints
defined before. Given a combinatorial problem C, the relax-
ation obtained by the primitive constraints in C is the stan-
dard linear programming relaxation of C. Inferring a new
primitive constraint corresponds to the generation of a cut-
ting plane that cuts off some part of this relaxation. Cutting
plane generation has a long history in integer programming.
Two fundamental principles for cutting plane generation of
general integer programs are the Chvatal-Gomory method
and the disjunctive method [37, 3, 4].

Inference in FD.

In finite domain constraint programming, the basic infer-
ence principle is domain reduction. The corresponding local
consistency techniques have been studied in artificial intelli-
gence for a long time [47]. For each nonprimitive constraint,
so-called propagation algorithms try to remove inconsistent
values from the domain of the variables occurring in the
constraint. From a logical point of view, this corresponds to
the generation of a new primitive constraint of the form x <
u, x = I, which is called bound reasoning, or x # v, which is
called domain reasoning. Whenever the domain of a variable
changes, all propagation algorithms of the constraints in
which this variable occurs may become active and further
reduce the domains of their variables.

In general, on the class of linear equations and inequali-
ties, the propagation algorithms of finite domain constraint
programming cannot compete with linear programming
techniques. The reason is that the arithmetic constraints are
primitive in ILP, whereas they are nonprimitive in CP(FD).
This means that in CP(FD) each arithmetic constraint is
handled individually, while in ILP all the arithmetic con-
straints are solved together.

2.3 Branching

As we have mentioned before, the reduction of nonprimitive
constraints to primitive constraints is in general not com-
plete, either because the primitive constraints are not expres-
sive enough or because the complete reduction is computa-
tionally not feasible. Therefore, we need a second technique
that enforces further strengthening of the relaxation if the
inference process on a problem has become stable.

This can be achieved by splitting the problem into sub-
problems and processing each subproblem independently of
the others. Subproblems are obtained by setting up branch-
ing constraints and adding to each of them one copy of the
problem under consideration. If the branching constraints
are chosen in the right way, the relaxation of a subproblem
will be strictly stronger than the relaxation of the father
problem. Therefore, the inference agents associated with the
nonprimitive constraints may become active again and de-
rive new primitive constraints.
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The branching operation is described by the rule

(CwP,S)
ey wC,...,cc,wC}H UP,S)

bi_branch:

c=cC D(\/i'(:l c)
¢; primitive
Prim(C) - ¢;, i

if

1, ...,k

The constraints ¢y, . . ., ¢, are called branching constraints, the
problems {c; W C, ..., ¢, W C} are the new subproblems.
Logically, C is equivalent to the disjunction (C O¢,)0. .. B(C
0 ¢}, which we denote by C = C 0 (\/~_; ¢;). In many
applications, we will have a binary branching of the form
¢, =c¢, ¢, = —c. By repeated application of the branching rule
we build up a search tree. Eventually, we will get a complete
enumeration of all the solutions in sol(C). However, this is
computationally feasible only for problems with a very
small number of variables.

In practice, the division into subproblems has to be
avoided as much as possible. Splitting can be avoided if we
know that the (sub)problem is infeasible. Since deciding the
satisfiability of the whole problem is computationally not
feasible, we test feasibility only on the primitive constraints,
i.e. the relaxation. The next rule describes pruning by the
infeasibility of the relaxation, which is denoted by L.

(CwP,S)

bi_clash: W

if Prim(C) — L

The relaxation plays a crucial role in the branch and infer
approach. The primitive constraints do not only allow for
the communication between different nonprimitive con-
straints, they also link the branch and the infer component.
Applying the rule bi_infer strengthens the relaxation and
thus it becomes more likely that the rule bi_clash can be
applied. On the other hand, applying bi_branch imposes
new primitive constraints on the subproblems that may
induce further applications of bi_infer. Thus, branching and
inference work hand in hand in order to solve the problem
more efficiently. This will become even more important
when solving optimization problems by branch and relax
resp. branch and cut (see Section 2.3.2).

The transition rules bi_infer, bi_branch and bi_clash are
the basic rules in our branch-and-infer framework. What is
still missing are rules that describe when a solution has been
obtained. This depends on the type of problem to be solved,
i.e.,, whether we want to find feasible or optimal solutions.

2.3.1 Solving Combinatorial Problems

Solving a combinatorial problem means deciding whether
the problem is satisfiable and if so computing one or more
feasible solutions. We will hide the concrete method of
computing feasible solutions from the relaxation and the
way they are represented in a function extract. This function
has to be chosen properly according to whether one wants to
compute only one solution or more. For example, if one
wants to compute all solutions, one can return the relaxation
in a solved form if all nonprimitive constraints are entailed.
If one is interested in only one solution, then extract can give

only one variable assignment. The function extract can be
used to derive a feasible solution of the problem even when
the nonprimitive constraints have not been completely re-
duced to primitive constraints. All these cases are captured
by the rule

(CwP,S)
(P, S U S*)

. _ .
bi_sol: r _;* _)exér.act(an(C))
If one wants to compute more or all solutions, then repeated
application of this rule to the different subproblems will
collect the different solution families. Thus the task of find-
ing more solutions is left to the control strategy for the
application of the different transition rules.

One might think that integer linear programming cannot
be used for satisfiability since it is usually applied in an
optimization context. But notice that on the one hand we can
simply take an empty objective function. Then linear pro-
gramming may give us a feasible solution of the relaxation.
On the other hand, the user has often an intuition on where
feasible solutions may be. Therefore he might set up his own
objective function, which can help to direct the search into
the neighborhood of a feasible solution. This leads us to
optimization problems, which we consider next.

2.3.2 Solving Combinatorial Optimization Problems

In many applications, one would like to compute a feasible
solution of a constraint set that is optimal with respect to
some objective function. Consider a maximization problem

max{f(x) | x € sol(C)}.

Note that feasible solutions of s0l(C) yield lower bounds for
the maximum value of f. To solve optimization problems,
there exist two general methods, branch and bound, as it is
used in finite domain constraint programming, and branch
and relax resp. branch and cut, which are standard tech-
niques in integer linear programming. Note that we follow
here the terminology of constraint programming, where
branch and relax corresponds to what is usually called
branch and bound in integer linear programming. We now
formalize the different approaches in our framework.

Branch and Bound.

The branch and bound method is characterized by using only
lower bounds to find an optimal solution. Thus we solve a
sequence of satisfiability problems leading successively to
better solutions. More precisely, we repeatedly compute a
feasible solution s* € sol(C) and then add the constraint f{x)
= f(s*) + 1 to all the subproblems of our search tree, which
restricts the set of feasible solutions to those that yield better
objective function values. The constraint f(x) = f(s*) + 1 is
called a lower bounding constraint. If after adding a lower
bounding constraint, all the subproblems become infeasible,
then the last feasible solution is optimal. We require that f
takes always integral values if x is integral since otherwise
feasible solutions may be lost and the global optimum can-
not be found.

To describe the lower bounding procedure, we extend the
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transition system consisting of the rules bi_branch, bi_clash
by the rule

{C, Cy, ...
HewC,cwCy, ..

, Cut, {sh)
., cw Cl, {s*h

bi_climb:

s* = extract(Prim(C))
if f(s*) > f(s)
c=(f(x) =f(s*) +1).

Here, the function extract is again responsible for com-
puting a feasible solution of the relaxation. If no feasible
solution is known, we assume f(s) = —».

Branch and Relax.

In contrast to branch and bound, which uses only lower
bounds, branch and relax works with two bounds. In addition
to the global lower bound g/b obtained from a feasible solu-
tion, we compute for each subproblem a local upper bound
Iub. For example, this can be done by optimizing the objec-
tive function subject to the relaxation of a subproblem, i.e.,
the primitive constraints in the constraint store. We describe
branch and relax again by an extension of the transition
system given by the rules bi_clash, bi_branch. The local
upper bounds allow us to introduce a new rule to prune the
search tree. If a local upper bound is smaller than the best
known global lower bound, then the corresponding sub-
problem cannot lead to a better solution and therefore can be
discarded.

(CwP,{sh
© (P s

Furthermore, when computing a local upper bound, we
may find an optimal solution of a subproblem that yields a
better feasible solution of the whole problem.

max{f(x) | x € sol(Prim(C))} = f(s*)
s* € sol(C)
f(s*) > fls)

Branch and relax is obtained from branch and bound by
replacing the rule bi_climb with the two rules bi_bound and
bi_opt.

To apply branch and relax in practice, we must be able to
compute local upper bounds in a computationally feasible
way. For example, this is possible in integer linear program-
ming, where we can obtain an upper bound by solving the
linear programming relaxation. We may even find a feasible
solution of the whole problem, so that the rule bi_opt can be
applied.

bi_bound if max{f(x) | x € sol(C)} < lub < f(s)

bi_opt: (€ 2P 1P

0Pt oy

2.4 Branch and Infer
To summarize, the rule system for branch and infer consists of
the rules

bi_infer, bi_branch, bi_clash
together with one of the following three alternatives:

* bi_sol (satisfiability)

e bi_climb (branch and bound)
e bi_bound, bi_opt (branch and relax)

Combinatorial Problems in CP(FD).

The rule set of finite domain constraint programming for
solving combinatorial problems is given by

FD_SAT={bi_infer, bi_branch, bi_clash, bi_sol}.
Combinatorial Optimization Problems in CP(FD).

The rule set of finite domain constraint programming for
solving combinatorial optimization problems is given by

FD_OPT={bi_infer, bi_branch, bi_clash, bi_climb}.

Combinatorial Optimization Problems in ILP—Branch
and Cut.

Solving combinatorial optimization problems in integer lin-
ear programming by branch and cut is described by the rule
set

ILP_OPT={bi_infer, bi_branch, bi_clash, bi_bound, bi_opt}.

Here, the last four rules describe branch and relax, while the
first rule bi_infer allows for the generation of cutting planes.
In branch and bound, the only way to prune the search space
is to apply the rule bi_clash. Therefore it is of great impact
whether the lower bounding constraint is primitive or non-
primitive in the underlying solver. If the lower bounding
constraint is primitive, then it can be added to the constraint
store and thus has a direct effect on the relaxation, i.e., the
rule bi_clash may be applied earlier in the solution process.
If the lower bounding constraint is nonprimitive, then it may
not be possible to reduce it completely to primitive con-
straints. Therefore, the relaxation may be not strong enough
in order to apply the rule bi_clash and more subproblems
will be generated.

Example 2.1
Consider the constraint set

C={xi+x,+x;<1,x;<1,x,<1,x;<1,x,=0,
X, =0, x,= 0, integral([ x;, x,, x3])}

and the objective function f(x,, x,, x3) = x; + x, + x5, which
has to be maximized. Assume that the extract-function gen-
erates the feasible (and optimal) solution (1, 0, 0).

If we use an integer programming based solver and add
the lower bounding constraint x; + x, + x; = 2, then the
linear programming relaxation Prim; ,(C") of C' = C U {x, +
X, + x5 = 2} is infeasible. This can be seen by adding x; + x,
+ x3; < 1and x; + x, + x5 = 2 resulting in the contradiction
0 < —1. However, if we use a finite domain constraint
solver, then the finite domain relaxation Prim.,(C') = {x; <
L,x,<1,x3<1,x,=0,x,=0,x; =0, integral([x,, x5, x3])}
is feasible. In particular, no inference can be made by the
nonprimitive constraints x; + x, + x3;<land x; + x, + x3 =
2. Thus the relaxation will stay feasible and bi_clash cannot
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be applied. In order to detect the infeasibility of C’, it is
necessary to split the problem into two more subproblems.

An advantage of branch and bound compared to branch
and relax is that whenever a solver supports a nonprimitive
constraint of the form g(x) = b, for some function g, then an
optimization problem can be set up that uses g as objective
function. Thus it is not required to have an algorithm that
can optimize g directly subject to the constraints. A major
disadvantage of branch and bound (in the terminology of
CP(FD)) is that it does not provide any information on the
quality of a feasible solution, because no upper bounds are
available.

3. Extending ILP by Symbolic Constraints

As a first application of our branch and infer framework, we
show how the idea of symbolic constraints from CP(FD) can
be carried over to ILP. Branch and infer provides the seman-
tic foundations and the computational architecture for real-
izing symbolic constraint abstractions as nonprimitive con-
straints in an extended ILP solver.

In constraint programming, symbolic constraints have
been introduced for two reasons. On the one hand, they
extend the constraint language and allow one to model
many problems in a much more natural and compact way.
On the other hand, they give us the possibility to incorporate
efficient algorithms for a specific problem area into a general
solver. A typical example is the cumulative constraint (cf.
Example 1.4). Many scheduling problems can be modeled
very naturally with this constraint. On the operational side,
powerful algorithms from operations research, e.g., edge-
finding,””! can be used in order to reduce the domain of the
variables. Thus, symbolic constraints not only increase the
expressive power of the constraint language. They are also
crucial for the efficiency of the problem solver.

In integer linear programming, symbolic constraints can
play a similar role. On the declarative side, they extend the
language of linear equations and inequalities. Using a sym-
bolic constraint, we can define in our model a set S C Q" in
an abstract way, without giving explicitly an equivalent
linear inequality description. This may be interesting for
several reasons:

* An equivalent set of linear inequalities does not exist, e.g.,
if S is not convex.

* An equivalent set of linear inequalities is not known at
modeling time, e.g., if S is defined by a non-linear 0-1
constraint.

® An equivalent set of linear inequalities is known, but it is
too large to be included in the model. For example, when
solving a traveling salesman problem, we cannot just add
all subtour elimination constraints.

On the operational side, a symbolic constraint can be real-
ized in many different ways. In order to ensure correctness,
the only thing we need is an algorithm to decide whether a
given vector x € Q" satisfies the constraint or not. In theory,
this is enough to solve the problem by enumeration. In
practice, we want to prune the enumeration tree as much as
possible. To achieve this goal, we can use any procedure that

computes valid inequalities for S. This is precisely the mean-
ing of the rule bi_infer in the case of ILP. In particular, we
can integrate strong cutting plane algorithms based on poly-
hedral combinatorics into a branch and infer solver for gen-
eral integer linear programming problems. Symbolic con-
straints are the declarative counterpart of such algorithms
on the modeling level. Note that the concrete implementa-
tion of the symbolic constraint is hidden from the modeler,
which is very important from a software engineering point
of view. The modeler has to know only the declarative
semantics of the constraint. On the operational side, we can
change the implementation at any time, typically by improv-
ing the separation routines, without invalidating the original
model.

Symbolic constraints can also be used to state more com-
pactly certain known classes of inequalities that occur in the
model (see Section 3.2 and Section 3.3). First, this makes the
model easier to understand. In particular, different symbolic
constraints can be used together in the same model and
serve as building blocks of the model. Second, the modeler
can make explicit some possibly hidden structure in the
problem, which later can be exploited by the solver. This use
of symbolic constraints complements recent work in com-
putational integer programming, which aims at extracting
and generating automatically certain canonical structures in
a given integer linear program formulation, see for example
[20]. We now explain these ideas further by a number of
concrete instances.

3.1 Symholic Constraints in ILP

One way of using symbolic constraints in integer program-
ming is when a problem is defined by a set of linear ine-
qualities that is too large to be represented in the solver. A
typical example is the traveling salesman problem (TSP)
with its exponentially many (in the number of cities) subtour
elimination constraints.®*™ To handle these constraints, we
can extend our constraint language by a symbolic tsp con-
straint, e.g.,

tsp(Adjacencies, Weights)

* Adjacencies: A list of 01 variables [x;,, ..., X(,—1),]
e Weights: A list of non-negative rational numbers

[w12/ RS w(rz—'l)n]'

The adjacency of two nodes i and j in the graph is repre-
sented by a variable x;, i < j, which has value 1 if the edge
is used in a tour and 0 otherwise. The weights w;; represent
the cost imposed by using the edge between the nodes i and
j in a tour.

From the declarative point of view, hiding the exponen-
tially many primitive constraints inside a new symbolic
constraint gives us a clear and concise modeling. The key
feature of such symbolic constraints, however, comes from
their operational semantics. In branch and infer, the non-
primitive tsp constraint will be realized by an inference
algorithm for primitive constraints, i.e., a separation algo-
rithm for the problem-defining inequalities. Thus, the sym-
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bolic constraint is not just an abbreviation for a huge number
of constraints. The associated inference agent will infer only
selected inequalities that improve the current formulation.
In the traveling salesman problem, these are separators for
the degree constraints and the subtour elimination con-
straints. The efficiency of solving such constraints can be
drastically increased, if not only separators for the problem-
defining inequality classes are built into the symbolic con-
straint, but also separators for other classes of strong valid
inequalities, e.g., facet-defining inequalities for the convex
hull of feasible solutions. For the tsp constraint, we could
add for example separators for comb inequalities.”'! Prob-
lem-specific branch and cut algorithms have been extremely
successful in solving hard combinatorial optimization prob-
lems. The concept of symbolic constraints allows us to em-
bed these techniques into the constraint language of a general
constraint solver.

Next we show how a symbolic constraint can be used in
order to increase the expressivity of the constraint language.
For example, we can introduce a symbolic constraint for
handling non-linear 0-1 inequalities

>

Ic{1,...,n}

a,Hx,er, a,b € Q, x; € {0, 1}.

i€l

Theoretically, there exists an equivalent set of linear inequal-
ities with the same set of 0-1 solutions; practically, however,
such a linear inequality description is often not known.
Instead of linearizing the nonlinear constraint completely at
the beginning, the idea is again to represent it by a non-
primitive constraint and to linearize it partially during the
constraint solving process, by inferring linear inequalities
only if they improve the current relaxation in the constraint
store. Different linearization procedures have been pro-
posed in the literature, see for example [5, 6]. A method in
the spirit of constraint programming has been developed in
[8], which takes into account the constraints in the store
during the linearization process.

Different nonprimitive constraints can communicate
through the primitive constraints in the store. The symbolic
constraint for nonlinear inequalities already illustrates one
way of communication, where the primitive constraints in
the store are used to enhance the linearization. We now
describe another way of communication, where different
nonprimitive constraints cooperate in an extended ILP
solver. Suppose we introduce a symbolic constraint for set
packing.®® Let M be a setand F = {M,, ..., M,,} be a family
of subsets of M. The problem of set packing consists in
selecting a set P C F such that each element of M is contained
in at most one set of P. We model this requirement by a
symbolic constraint

setpack(Sets)

e Sets: Alist [[xy, [elyy, .. el ]l - o [x, [el, - o el 11
where x; is a 0-1 variable and el; is a name for the jth
element of subset i.

The variable x; takes the value 1 if the elements of set i are
used in the packing, and 0 otherwise. Now consider the
constraint set

SetpaCk([xll [ﬁ]], [xZ/ [a/ b]]/ [.X'3, [b]])/

x,+x;<1,...,integral([ x,, x5, x3]),

and suppose that the primitive constraint x; + x; < 1 has
been inferred by some other nonprimitive constraint during
the constraint solving process. The inference algorithm of
setpack can now detect that this inequality fits into the
structure of the setpack constraint and may infer, e.g., the
new primitive constraint x; + x, + x3 < 1.

3.2 A Symbolic Constraint for Assignment Problems

When introducing a new symbolic constraint, one has al-
ways to keep in mind that it should be both expressive and
efficient. On the one hand, a symbolic constraint should be
generic enough in order to apply to many problem situa-
tions. On the other hand, there must be enough domain-
specific knowledge that can be exploited during the infer-
ence process, in order to get a more efficient solution of the
problem than without the new constraint. Finding the right
balance between these two aspects is not an easy task.

To illustrate the idea of symbolic constraint abstractions
in ILP, we propose a new symbolic constraint for problems,
where the general task is to assign items from one set to
locations from another set. The constraint has the following
form:

assign(Assignments, Weights, Capacities, Indicators)

e Assignments: A list of lists [[x;1, ..., X1, ...,
[/ - -+ s Xnll, m, 1 =1, of 0-1 variables x;; or values.

e Weights: A list of lists [[wyy, ..., wy,), -, [Wyn, - -,
W,,,11, m, n = 1, of nonnegative rational numbers w;.

e Capacities: A list [¢y, ..., ¢,] of nonnegative rational
numbers ;.

e Indicators: A list [y, . . ., y,] of 0-1 variables or values.

Consider a set of items indexed by M = {1, ..., m} and a
set of locations indexed by N = {1, ..., n}. Each item has to
be assigned to exactly one location. An assignment of item
i € M to location j € N is modeled by an assignment variable

1
.x,']': 0

In order to give the assign constraint a broader application
spectrum, we include location indicator variables Y jEN,
with the meaning

if
otherwise.

item i is assigned to location j,

1 ifand onlyif > "
i=1

Yi= )
0 otherwise.

The assign constraint can be used to express various kinds
of problems like generalized assignment, uncapacitated
warehouse location, or (one-dimensional) bin packing. It is
also possible to use this constraint for the multiple knapsack
problem, if we introduce an additional artificial knapsack
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Table I. Problem characteristics

Problem Clients Sites Variables Constraints LP Optimum IP Optimum
caplll 50 50 2550 100 631421.4484 793439.5599
capll2 50 50 2550 100 636321.4484 851495.3224
capl13 50 50 2550 100 641221.4484 893076.7094
capll4 50 50 2550 100 648426.2984 928941.7500
capa 1000 100 100100 1100 4801483.1185 17156454.478
capb 1000 100 100100 1100 3668833.3689 12979071.582
capc 1000 100 100100 1100 3300869.2316 11505594.329

that has sufficient capacity to take the items that do not fit
into the given knapsacks of the problem.

From the declarative point of view, the assign constraint
is equivalent to the set of constraints

Dx;=1, i EM

j=1
m (1)
E wix; <scy;, ] €N
i=1

xij/ ]/] € {O/ 1}/ l € M/] € N’

The assign constraint can be used in a flexible way. We can
fix some variables in advance to the value 0 or 1. In combi-
nation with the location indicator variables, we can assign
items either statically to a given set of locations or use
locations dynamically if they satisfy certain side constraints.

On the operational side, the inference algorithms behind
the assign constraint may exploit various results from poly-
hedral combinatorics, e.g., general assignment,*” **! unca-
pacitated warehouse location,? ' 1 multiple knap-
sack,?* 2l in order to infer strong valid inequalities that
strengthen the relaxation in the constraint store.

3.3 An lllustrating Example: Warehouse Location

Suppose we have m clients, indexed by M = {1, ..., m}, and
n potential locations for opening a warehouse, indexed by
N = {1, ..., n}. The problem consists of selecting a set of
locations to open a warehouse and then assigning each client
to an open warehouse. We use the symbolic constraint as-
sign to model this problem. The 0-1 variable x;, i € M,
j € N, indicates whether client i is supplied by warehouse j
or not. The goal is to minimize the overall costs, which
consist of the fixed costs f; for opening warehouse j, and the
variable costs v;; for supplying client i by warehouse j.

min EiEM zjeN VX + EjeNf]’yi

S't' assign([[xlll LAY xln]/ ey [xml/ LR xmn]]r
M, ..., 13, ...,01, ..., 11,
[m/"'rm]/ [y1/~--ryrz])/ (2)

0<x;=1, 0=<y=<1, i€M, jEN

integral([xllr RN xmn/ yl/ NS yn])

Given the declarative semantics (1) of the assign constraint,
this corresponds to the following integer linear program-
ming formulation.

min EIEM E[EN VX + EjENf]y/
s.t. E]EN x,-j: 1, i eEM

DiemXj=<my;, j €N

O<x;<1, 0<y<1, i€ M, jEN

®)

integral(['xll/ LN xmn/ yll ety yﬂ])'

It is well known that this model has a weak linear program-
ming relaxation, which can be improved by replacing each
inequality of the type X,y x;; < m * y;, j € N, by m inequal-
ities of the form x; — Y <0, i € M. This leads to the
following strong ILP model

min EiEM Z/‘EN VX + EjENf]y/
s.t. E]'EN Xij = 1, i €M

x;—y;<0, i €M, jEN @)
Osx;<1, Osy;s1l, i€ M, jEN

integral([xll/ cee s Xy yll s yn])

We compare the different models by solving a number of
uncapacitated warehouse location problems taken from the
OR library."'"! The problem sizes in Table 1 correspond to
the weak ILP model (3). Note that for the big problems capa,
capb, and capc, the strong ILP formulation (4) has 101000
constraints.

For the computational experiments, we extended our
branch and infer solver COUPE (COnstraint Programming
and CUtting Plane Environment)®* by a prototype imple-
mentation of an inference agent for the assign constraint.
When solving the above problems, this inference agent ap-
plies separators for the equalities ¥,y x;; = 1 from (1) and
the inequalities x; — y; < 0 from (4). The latter ones are
known to provide facets of the underlying 0-1 polytope.'*"!
The separation problem for these inequalities can be solved
in polynomial time by inspecting the vertex solutions ob-
tained from solving the relaxation in the constraint store. In
particular, these inequalities are sufficient for defining the
set of feasible 0-1 solutions of the problem.
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Table II. Computational experiments with COUPE
COUPE

Lift-and-Project Assign
Problem nodes cuts time nodes cuts time
capl11l 17 492 34.1 0 205 0.3
capl12 28 730 63.5 0 261 0.4
capl13 50 1124 121.2 0 319 0.4
capll4 54 1242 118.7 0 360 0.6
capa * * * 0 20879 260.0
capb * * * 0 13849 127.0
capc * * * 4 11900 233.0

Table III. Computational experiments with CPLEX

CPLEX
Weak Strong

Problem nodes cuts time nodes cuts time
caplll 12928 101 206.2 0 0 0.4
capl12 * * * 0 0 0.4
capl13 * * * 0 0 0.5
capll4 * * * 0 0 0.6
capa * * * 0 0 1323.1
capb * * * 0 0 846.3
capc * * * 18 0 826.2

First we compared this extended version of COUPE for
solving the assign model (2) with the standard version of
Courg, which solves the weak model (3) using lift-and-
project cutting planes for general 0-1 problems."*! Then, we
solved both the weak model (3) and the strong model (4)
with the CPLEX 4.0 mixed integer solver [22]. The results are
reported in Table 2 and Table 3. All computations were done
on a SPARC Ultra 1/170 with 192 MB memory. Running
times are given in seconds. We used a time limit of 1800
seconds and a node limit of 50000 nodes. An asterisk (*) in
the table indicates that one of these limits has been exceeded.
All linear programs in COUPE and CPLEX were solved with
CPLEX 4.0 using the dual simplex with steepest edge pric-
ing.[zzl

The experiments show that, with respect to solution time,
the assign model is superior to all the other models. Al-
though the strong model and the assign model produce
similar results with respect to the number of nodes, the
assign model is faster because the linear programming re-
laxations that have to be solved are much smaller. Accord-
ing to the operational semantics of the assign constraint,
only those inequalities from the strong formulation (4) are
added to the relaxation that cut off the current solution.
From the algorithmic perspective, this is a well-known tech-
nique. The important point here is that, using symbolic
constraints, we have a declarative counterpart of this algo-
rithmic technique, which we can use in the formulation of

the model. We can replace a set of arithmetic constraints by
a symbolic constraint and thus enable the solver to apply
domain-specific methods.

In general, symbolic constraints can serve as building
blocks in the model formulation. Operationally, different
symbolic constraints may cooperate in solving the problem
by communicating through the constraint store. The branch
and infer framework allows one to put together an arbitrary
number of arithmetic and symbolic constraints. We illustrate
the use of several symbolic constraints by modeling a mul-
tiproduct colocation problem,*! which extends the simple un-
capacitated warehouse location problem in the following
way. As before, there is a set of clients M and a set of
locations N. In addition, there is a set of different products P,
which have to be manufactured and distributed. Each prod-
uct p € P has to be made on some specific machine. Ma-
chines have to be installed in plants at some location j € N.
To manufacture product p at location j, a plant has to be
opened at fixed cost f;. If this has been done, an additional
investment g can be made to install in the plant at location
j the machine that produces p. The variable cost of supplying
client i with product p from location j is denoted by v/;. We
use the 0-1 variables
e %, which are 1 iff. client i receives product p from
location j,

* y;, which are 1 i.f.f. a plant is opened at location j, and
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e z¢, which are 1i.f.f. the machine for product p is installed
at location j.

We can now model the problem by using one assign
constraint for each product p, which reflects the require-
ments to supply the clients with p. The different assign
constraints are linked by the variables y; and z!, which
express whether a plant is opened, and whether a machine
is installed. If there are 3 products, our model looks as
follows:

EpEP E[EM EjeN Uﬁxﬁ' + jeNf/'yj + EpEP EjeN g]ng']

min
assign(([xiy, - -, X1l - o, [ Xk, -+ Xoall,
(..., 11,...,0,...,1]]
(m,...,ml,[z,...,z)),
assign(([x3,, ..., x50 ..., [P, ..., 221,
..., 11,...,0,...,1]]
(m,...,ml,[Z, ..., 22,

s.t. assign([x3;, ..., x50 ..., (X0, ..., ],
(..., 11,...,0,...,1]]
(m,...,ml,[23,...,2)),

zi—y;<0, jEN
zZ-y<0, jEN
7z -y<0, jEN
integral((x11, - - -, X, Yay - s Yus Z4s - - -, Z2))

This model contains three symbolic constraints. An opti-
mal solution can be computed because the nonprimitive
constraints can communicate through the constraint store by
inferring new primitive constraints, i.e., cutting planes.

4. Combining Finite Domain and ILP Techniques

As a second application of the branch and infer framework,
we present in this section different ways for combining
methods from ILP and CP(FD). The basic idea is to handle
linear equations and inequalities altogether as in ILP, and
not individually as in CP(FD). There exist various possibil-
ities for such a combination, which range from using linear
programming techniques inside the inference algorithms of
nonprimitive constraints up to extending the language of
primitive constraints in CP(FD) by general linear inequali-
ties. Our aim here is to show how these alternatives follow
naturally from our framework.

4.1 Handling Linear Inequalities by a Symbolic Constraint

In a first step, we discuss an integration that leaves the
primitive constraints of the finite domain language Ly, un-
changed. We introduce a new nonprimitive constraint linear
that collects all the linear inequalities occurring in the prob-
lem and uses them to derive stronger primitive constraints

in Prim(L}p).
linear(Matrix, Variables, RightHandSide)

e Matrix: A list of lists [[a1q, ..., 41,1, - - -
m, n = 1, of rational numbers a.

e Variables: A list [x,, ..., x,] of variables x;.

e RightHandSide: A list [by, ..., b,,] of rational numbers
b

’ [aml/ cets amn]]/

i

n

specifying the system of linear inequalities 2},
i=1,...,m

The extended finite domain constraint language Lip,,;p for
handling linear arithmetic by a symbolic constraint is de-
fined as follows:

a;x; < b,

* Lipp = Lep U {linear([[ayy, - .., ay,), -, [y, - -+,
a,dl (%, o, x,] [0y, oo, 0,)) [y, b, € Q, x; € V)

e Prim(Lip,;p) = Prim(Lyp)

e NPrim(L;p,;p) = NPrim (Lyp) U {linear([[a;4, . .

s Al [0, 0, x,], (B, -

i aln]/
o A, b)) |a; b €

Q, x; €V}

Note that the integrality constraint is still primitive. The
transition rules in the branch and infer framework are the
same as for standard finite domain constraint programming.
In addition to the usual bound propagation on each in-
equality, the new nonprimitive constraint linear allows one
to apply linear programming techniques on the whole sys-
tem of inequalities. By taking into account the bound con-
straints in the store, which are partly inferred by other
nonprimitive constraints, linear programming can exploit
the interaction between all inequalities in order to infer
stronger bounds or even to fix a variable to some value.

Example 4.1
Consider the constraint set

C={-3x; +2x,<0,3x; +2x,< 6,
X1<2,x<2,x=0,x,=0, integral([ x;, x,])}.

Simple bound propagation treating each inequality indepen-
dently of the others cannot detect that the greatest integral
value of x, is 1. Now we model the same problem with the
new constraint:

C’ = {linear([[_3/ 2]/ [3/ 2]]/ [xll xZ]/ [O/ 6]])/
<2,x<2,x,=0,x,=0, integral([ x,, x,])}.

The inference algorithm of linear detects (for example by
maximizing x, subject to the linear inequalities over the
rational numbers) that the upper bound of x, is 1.5 and thus
can be reduced to 1. Therefore we can infer the primitive
constraint x; < 1 and add it to the constraint store.

The use of linear programming for improving bounds in
CP(FD) is discussed in [46]. In [14, 2], linear programming is
used to detect fixed variables. Linear programming can also
check global consistency over the rational numbers, which
can help to detect infeasibility earlier than by local consis-
tency methods. A hybrid algorithm that uses both local and
global constraint propagation is described in [41]. Cooper-
ating solvers for disjunctive programming are discussed in
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[36]. Mixed logical/linear programming, as proposed in
[28], is a general approach to modeling and solving optimi-
zation problems in both discrete and continuous variables.

4.2 Linear Inequalities as Primitive Constraints

The main disadvantage when introducing a new symbolic
constraint linear is that the linear inequalities are hidden
inside a nonprimitive constraint. Therefore, they are not
visible to the other nonprimitive constraints and cannot be
exploited by their inference algorithms. Furthermore, in a
branch and bound context, the lower bounding constraint is
still nonprimitive, which results in a less powerful pruning
(cf. Example 2.1). To overcome these disadvantages, we
propose a second form of integration L7, ,; . We extend the
primitive constraints from CP(FD) by general linear inequal-
ities. Thus the constraint language Ly, itself remains un-
changed, but the definition of the primitive and nonprimi-
tive constraint changes:

° L12~"D/LP = Lgp

o Prim(Lip, p) = {x<u,x=Lx#v,x=y, 3" ax; <
b3 ax;,=b|lx,x,y€V,LuveE”Za,bec Q)

o NPrim(LEp,1p) = Iep U Spp

Since general linear inequalities are primitive now, we can
no longer check in a computationally feasible way whether
the store is satisfiable with respect to integer solutions.
Therefore the integral constraint becomes nonprimitive and
satisfiability is checked over the rational numbers, which
can be done in polynomial time, although the solution set
need not be convex anymore.[>*

The extension of the notion of primitive constraints allows
us on the one hand to combine symbolic constraints of
CP(FD), e.g., alldifferent, with symbolic constraints of ex-
tended ILP, e.g., assign. On the other hand, inference algo-
rithms in existing nonprimitive constraints may be im-
proved and new nonprimitive constraints can be designed
that use the extended primitive constraint set for more pow-
erful inferences.

For example, the presence of disequalities allows us to set
up stronger disjunctions than the usual dichotomy on the
integral numbers. These stronger disjunctions can be used
by an inference algorithm of the integral constraint that
derives cutting planes by the disjunctive method. The bound
reduction algorithms that were accommodated in the previ-
ous approach in the linear constraint can be used as a further
inference algorithm of the integral constraint. Linear ine-
qualities allow us to express relations between variables that
are part of a nonprimitive constraint directly by primitive
constraints. If the interaction between the variables is strong
enough, then in conjunction with the other primitive con-
straints in the store, this may lead to an earlier detection of
infeasibility. In a branch and bound context, handling linear
inequalities as primitive constraints makes it possible to
place the lower bounding constraint directly into the store,
which achieves a better pruning of the search space than by
treating the lower bounding constraint as a nonprimitive
constraint (cf. Example 2.1).

The main drawback of the relaxation in finite domain

constraint programming is that it can guide the solution
process only in a very limited way, due to the low expres-
sivity of the primitive constraints. Therefore the way branch-
ing is done plays an important role. In our extended inte-
gration, the linear relaxation may help to guide the solution
process in a better way and may lead to better branching
strategies, e.g., strong branching (see [32]). Furthermore, we
can obtain better upper bounds that we can apply in a
branch and relax context.

5. Conclusion

We have introduced a unifying framework, branch and in-
fer, to describe and compare the languages of integer linear
programming and finite domain constraint programming,
both from the viewpoint of model building, i.e., their declar-
ative semantics, and model solving, i.e., their operational
semantics. Finite domain constraint programming offers a
variety of arithmetic and symbolic constraints that allows
one to model and solve combinatorial problems in many
different ways. Integer linear programming admits only
linear equations and inequalities, but has developed very
efficient methods to handle them. Our framework shows
how integer linear programming can be extended with sym-
bolic constraints and how algorithmic techniques from inte-
ger programming can be used in combination with finite
domain methods.
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