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Abstract

Many real-life problems tackled using Constraint Programming are dy-

namic. Addition and deletion of constraints may lead to inconsistencies.

When a solution is required, constraints may be violated in order to ful�ll

the user requirements. In this paper, we propose a best-�rst search method

(parameterized by the domain of constraints and the associated solver) for

solving over-constrained problems arising in dynamic environments. We pro-

pose a specialization of this approach for csp using arc-consistency. We ad-
dress complexity issues to show the tractability of our approach and describe

our implementation: the decorum system.

1 Introduction

Many real-life problems are tackled using Constraint Programming. In many ap-

plications, modi�cations of the problems must be integrated because of external

modi�cations (consider timetabling problems). Such dynamic evolutions can gen-

erate inconsistent constraint systems. Nevertheless, it may happen that the user

requires a solution that satis�es the best as possible the constraints of the prob-

lems. In order to ful�ll the user's requirements, constraints of the problem need to

be violated (relaxed).

The problem is to determine constraints to relax which is the aim of a con-

straint relaxation system (an exploration method upon the con�guration space of

the problem). A con�guration is a split of the constraints of the problem in two

sets: active and relaxed ones. A user de�ned comparator is used to choose between

con�gurations. An over-constrained problem solver (a constraint relaxation system

coupled with a constraint solver) is characterized by the search method used on the

con�guration space.

In this paper, we propose a best �rst search method on the con�guration space

that is well suited for dynamic problems. This search method is parameterized with

a domain on which constraints are de�ned and an associated solver. We present our

best-�rst search method and show that it can be e�ciently specialized for csp using

a Deduction Maintenance System. Then, we detail the resulting complexity and

discuss our system decorum: a solving laboratory for over-constrained problem.

The paper is organized as follows: section 2 introduces some de�nitions, section 3

presents our parameterized search method, section 4 details its specialization for

csps, section 5 discusses the complexity of the approach and section 6 describes

decorum.
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2 De�nitions

Let us consider a domain D upon which constraints are de�ned and a solver S.

Let P a property maintained by S throughout the computation. For example, for

Constraint Satisfaction Problems (csp) arc-consistency is the usually maintained

property. At each step of the computation (adding a constraint, ...), the property

P is enforced.

An over-constrained problem is a constraint problem whose constraint system

is contradictory (there exists no solution that satis�es all the constraints).

When solving over-constrained problems, constraints may become inactive (they

are relaxed) while the others remain active, in order to �nd a subset of constraints

satisfying the user. A con�guration hA;Ri is a split of the constraints of a problem
in two sets: active constraints (A) and relaxed ones (R). A con�guration is said

P -satis�able if the property P holds for the set of active constraints. Otherwise,

a con�guration is said P -contradictory.

The user must express its requirements regarding constraints of the problem. He

introduces an hierarchy [Wilson and Borning, 1993] upon the constraints. This

hierarchy is de�ned using preferences between constraints. It is then possible to

de�ne comparators (partial order relation between con�gurations) modeling the

user's wishes regarding the relaxation of constraints.

A C-solution1 for an over-constrained problem is a P -satis�able con�guration

hA;Ri which maximizes the user-de�ned comparator C.

3 Best �rst exploration for over-constrained prob-

lems

In this section, we show how a C-solution can be obtained using a search method

over the con�gurations space. This search method ensures that as soon as a P -

satis�able con�guration is identi�ed, this con�guration is the best one regarding

the user-de�ned comparator C.

The description that follows is an idealized version of the approach. Implemen-

tation issues are addressed section 4.

3.1 The con�gurations space

We consider the con�guration space as a binary tree. Each node is a constraint

whose children edges represent the two possible states: active or relaxed. This

tree is built considering the order of integration of the constraints in the problem

(dynamic problems are addressed here).

For a node corresponding to a constraint ca, an out-coming edge is labeled a

(resp. a0) for the active state (resp. relaxed state). Figure 1 shows such a tree for

three constraints ca; cb and cc.

Each leaf (or path from the root to a leaf) of this tree represents a con�guration.

For example, the bold path (a0bc) from the root to a leaf in �gure 1 represents the

con�guration: hfcb; ccg; fcagi.
Solving an over-constrained problem requires to �nd the best P -satis�able con-

�guration regarding the user-de�ned comparator.

1Note that when handling csps using arc-consistency as property P , enumeration is considered
as a set of disjunctive constraints (each variable can have at most one value at a time). The
equality constraints (assigning a value to a variable) are dynamically added or retracted. So, the
�nal P -satis�able con�guration hA;Ri will be such that A contains one equality constraint for
each variable. Therefore, such a P -satis�able con�guration will be satis�able.
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3.2 Classical Exploration

A naive approach based upon standard backtracking would require an optimality

proof step in order to obtain the best con�guration.

Intelligent Backtracking (see [Fages et al., 1995; Menezes and Barahona, 1996])

enables the identi�cation of good backtrack points, thus allowing a reduction of the

exploration of the search tree. Note that the optimality proof step is always needed.

The main problem introduced by these techniques is trashing: already explored

and rejected sub-trees are systematically tested upon backtracking. We propose

here a search method that uses more information gathered throughout previous

computations. We claim that this approach reduces trashing and make an active use

of previous computations. We also claim that such an approach can be implemented

preserving good complexity results (see section 5).

3.3 A best �rst approach

In this section, we present our general best �rst search method. This method is

parameterized with the domain on which constraints are de�ned and the associated

solver. It depends on the de�nition of two functions whose actual implementation

will be detailed in section 4.

3.3.1 Contradiction Explanations

Our method relies upon the key concept of contradiction explanation. A contra-

diction explanation is a set of constraints whose conjunction leads to a contradiction.

It is an explanation of the contradiction. This notion of contradiction explanation

is bound to the property P maintained throughout the computation for the current

set of active constraints.

De�nition 1 (Contradiction explanation) Let hA;Ri be the current con�gura-
tion. We suppose that this con�guration has been identi�ed as P -contradictory i.e.

P (A) does not hold. Let E � A a set of constraints.

E is a contradiction explanation i� P (E) does not hold.

Contradiction explanations are learnt from the identi�cation of a contradiction.

3.3.2 Promising con�gurations

Let Ec be the set of all the contradiction explanations determined so far during the

computation.

De�nition 2 (Promising con�guration) Let Cf = hA;Ri a con�guration. Cf

is a promising con�guration i� 8E 2 Ec; R \ E 6= ?. In other words, R covers

the set of contradiction explanations.
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Proposition 1 (Characterizing a C-solution) A C-solution is a promising con-

�guration.

Proof: Let Cf = hA;Ri a C-solution. Suppose that Cf is not a promising

con�guration. There exists E 2 Ec such that E � A. Therefore, Cf would be

P -contradictory (A contains an identi�ed contradiction explanation) which is

not possible. 2

Theorem 1 (Focusing on promising con�guration) Any promising con�gura-

tion hA;Ri that maximizes the user-de�ned comparator C and that is P -satis�able,

is a C-solution for the considered problem.

Proof: This is a direct consequence of Proposition 1 and the de�nition of a

C-solution. 2

3.3.3 A best �rst exploration

Now, we assume that there exist two functions: contradiction-explanation

that extracts a contradiction explanation from a P -contradictory con�guration and

best-promising-configuration that computes the2 best promising con�guration,

at the current step of computation, considering the user-de�ned comparator. We

will show in section 4 a comparator and its associated best-promising-configu-

ration function.

Let Cf be the current con�guration. Let Ec be the set of computed contradiction

explanations so far (from the beginning of the dynamic process).

Algorithm 1 (Best-�rst Exploration)

While the current con�guration Cf is P -contradictory do:

(a) Add contradiction� explanation(Cf ) to Ec

(b) Let Cf  best� promising� configuration(Ec)

// Cf is the best P -satis�able con�guration regarding the user-de�ned compara-

tor. //

This algorithm implements an exploration that can be characterized as a best

�rst search. This search does not need any classical backtrack, only con�guration

changes are performed. Branches leading to a contradiction are implicitly cut thanks

to the contradiction explanations base. A lot of unuseful work (con�gurations) is

avoided.

This algorithm terminates because:

� Only new contradiction explanations are produced (every tested con�guration

is a promising one before the identi�cation of the contradiction). So, the

exploration will be done only for not yet explored con�gurations.

� The number of existing con�gurations is �nite: 2e where e is the number of

constraints.

� There exists at least one P -satis�able con�guration: all the constraints are

relaxed.

The proposed algorithm is correct because of theorem 1. Note that the enu-

meration algorithm Dynamic Backtracking [Ginsberg, 1993] can be considered as a

specialization of our approach limited to a particular kind of constraints: assignment

constraints introduced during the enumeration process.

2Note that because a comparator is a partial order relation, there may exist several best con-
�gurations. Therefore, we choose among these not comparable con�gurations.
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4 Constraint Relaxation for CSPs

Let us recall that a Constraint Satisfaction Problem can be de�ned as a set V of

variables; the set D of their respective domains (possible values for each variable)

and the set C of constraints specifying acceptable combinations of values for the

variables of the problem.

To specialize our search method for CSP, we need to use a Deduction Mainte-

nance System: a tool that will facilitate the supply of contradiction explanations.

4.1 A Deduction Maintenance System

A deduction is associated with any of the three following actions:

� Removing a value from the domain of a variable. The deduction associated

with the removal of the value a from the domain dx of the variable x is denoted:

�(x6=a).

� Removing a constraint from the constraint store (relaxing). The deduction

associated with the relaxation of the constraint c is denoted: �(�c).

� Raising a contradiction (the domain of a variable becomes empty). The asso-

ciated deduction is denoted �(?).

Let � be the set of deductions performed during the resolution.

A deduction explanation E, for a deduction �, is a set of constraints whose

conjunction leads to perform the action associated with the deduction.

De�nition 3 (Deduction explanation) Let E be a set of constraints.

� E is a deduction explanation for a deduction �(x6=a) i� a is removed from

dx when achieving P for the set of constraints E.

� E is a deduction explanation for a deduction �(?) i� con�guration hE;?i
is P -contradictory.

� E is a deduction explanation for a deduction �(�c) i� con�guration hfcg [
E;?i is P -contradictory.

A deduction explanation E is valid in a given con�guration hA;Ri if E � A.

A con�guration becomes P -contradictory as soon as the domain of a variable

becomes empty, i.e. all the deduction explanations of the removal of each value in

the domain are valid.

4.2 Providing deduction explanations

The simplest deduction explanation for any deduction is the complete set of the

active constraints of the current con�guration. This kind of deduction explanation

is obviously of no use and would lead to a complete enumeration process of all the

possible con�gurations (that we try to avoid).

The best deduction explanation is the minimal set of constraints that veri�es the

de�nition 3. When using a particular algorithm during property P enforcement a

good deduction explanation must re
ect the knowledge used by this algorithm to

perform any deduction. We detail possible deduction explanation when achieving

arc-consistency.
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Using the ac4 algorithm: The ac4 algorithm [Mohr and Henderson, 1986] uses

two main steps to remove unsupported values from the domain of the variables. The

�rst step performs value removals directly due to a unique constraint (thus, the

deduction explanation is this constraint). In the second step, indirect removals are

performed, they are the consequence of the removals in the �rst step (the deduction

explanation is then the applied constraint associated with the deduction explanation

of the propagated removal).

Using the ac5 algorithm: The ac5 algorithm [Van Hentenryck et al., 1992]

actively uses the semantics of the handled constraints. This leads to a better deduc-

tion explanation system. For example, when �ltering a constraint x > y considering

that the current domain of x is f:::; ag, values greater than a will be removed from

dy and the deduction explanation for these removals is E =
S

b2dx;b>a
E�x6=b

.

4.3 Producing Contradiction Explanations

When a contradiction (deduction �(?)) occurs the domain of at least one variable

becomes empty. Let x be such a variable. Let note E� the deduction explanation

associated with the deduction �. Thus E�(?)
=
S

a2dx
E�(x6=a)

.

Theorem 2 (New contradiction explanation) When computing a new contra-

diction explanation for a (previously promising) P -contradictory con�guration, only

a new contradiction explanation is produced i.e. E�(?)
6� Ec.

Proof: As E�(?) is valid, it cannot be an already computed contradiction ex-

planation because the current con�guration would not have been a promising

one (not covering the current set of contradiction explanations). 2

4.4 Computing a new best promising con�guration

As depicted in de�nition 2, the new best promising con�guration must cover the

set Ec of contradiction explanations optimizing the comparator-based partial order.

This problem can be modeled as the determination of a set covering in the

hypergraph H:

De�nition 4 (The Hypergraph H) The hypergraph H is de�ned from the set Ec
of contradiction explanations. Each constraint appearing in any element of Ec is a
vertex in H. Each contradiction explanation E is an hyper-edge in H.

The general set covering problem in an hypergraph is NP-complete [Gondran

and Minoux, 1990]. In our implementation, we use a comparator that simpli�es the

set covering problem.

De�nition 5 (An applicable comparator �c) Let C1 = hA1; R1i and C2 =

hA2; R2i two con�gurations for a same Ocsp.

C1 �c C2 � 9k > 0; such that

8i < k;R1[i] = R2[i]

R1[k] = ? ^R2[k] 6= ?

where R[`] is the restriction of R to the constraints with a preference level ` in the

hierarchy.

The best promising con�guration hA0; R0i regarding �c from a P -contradictory

con�guration is:

R0 = fc 2 A [R j 9E 2 Ec; c = minpreffci 2 Egg
and A0 = (A [R) nR0
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Note that using this comparator, best promising con�gurations can be computed

in an incremental way by simply adding a constraint to relax (the least important

of the new contradiction explanation).

4.5 Performing the con�guration jump

When changing the con�guration, we compute the set C� of new active constraints

and the set C� of the new relaxed constraint.

Relaxing a constraint The relaxation of any element of C� needs to be propa-

gated. The aim of this propagation is to delete the past e�ects of the relaxed con-

straints. We use here an extension of specialized algorithms such as dnac4 (an al-

gorithm that performs constraint suppression in a dynamic environment) [Bessi�ere,

1991].

Let c be an element of C� . Let Q be a queue. Let �(c) be the subset of � (the

deductions of the problem) whose validity relies upon c. �(c) = f� 2 � j c 2 E�g

Algorithm 2 (Constraint Relaxation)

(a) The deduction explanation for the removal of c is the invalidated contradiction

explanation in Ec (except c)

(b) For each element � in �(c) do:

(b-1) If � is the removal of value a from the domain of the variable x, put back

a in dx and enqueue (x; a) in Q.

(b-2) If � is the removal of constraint c enqueue c in Q.

(c) Dequeue element e from Q until Q is empty and do:

(c-1) If e = (x; a) then test if there exists another way to prove this removal.

If so remove a from dx using the constraint solver.

(c-2) If e = c0 add c0 to C�.

Completing the jump In order to terminate the jump, every constraint in C�

needs to be introduced in the constraint system. Note that when using our compara-

tor (�c) the constraints in C� do not need any introduction: a relaxed constraint

will never be reintroduced.

4.6 Enumeration and Relaxation

Enumeration in a csp or an Ocsp can be modeled as the dynamic addition/removal

of equality constraints (eg. x = a for a 2 dx). This approach is completely transpar-

ent in our system. After each addition of such a constraint, property P is enforced

and if the current con�guration is P -contradictory then the constraint relaxation

process is initiated handling enumeration constraints in the same way as the other

ones. The preference associated to such constraints is the lowest possible so that in

case of choice enumeration constraints will be relaxed in priority.

In fact, our algorithm is extended [Jussien and Boizumault, 1996] in order to

enforce the introduction of another constraint (testing another value) when relaxing

an equality constraint due to the enumeration. This leads to modeling a disjunction

between equality constraints. The deduction explanation for constraint removal is

used in order to ensure the completeness of the approach.
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5 Complexity Issues

Let n be the number of variables, e the number of constraints and d the maximum

size of the domains. There are c = e + n � d possible constraints in the problem

(we add the equality constraints produced by the enumeration process). There are

a = n� d+ e + 1 possible deductions in the system.

5.1 Space Complexity

A deduction explanation can contain at most c constraints. This is an almost

impossible worst case when using deduction explanations as de�ned in section 4.2.

There exists only one deduction explanation at a time for deductions associated

with value and constraint removals. Deduction Explanations for the contradic-

tion deduction represent the set Ec of contradiction explanations. The number of

contradiction explanations is bounded if the system does not need to reintroduce

constraints3. In the worst case, there are c contradiction explanations: all the con-

straints are relaxed one at a time. Thus, there are, in the worst case, a+c deduction

explanations.

This leads to the following worst case complexity4:

O(c� (a + c)) = O(e2 � n2 � d2)

5.2 Time Complexity

We detail here the time complexity of our approach for the two main parts of our

system:

Constraint solving: As we pointed out in section 4.2, the constraint solver (ei-

ther based upon ac4 or ac5) is modi�ed in order to provide deduction explanations.

This modi�cation leads to the following worst case time complexity for the modi�ed

version of the algorithms.

� ac4: O(e� d3) { The original complexity. The deduction explanation system

used is too simple to decrease the e�ciency of the solver, but it enlarges the

number of tested con�gurations before encountering the best.

� ac5: O(e � d2) { The time e�ciency is decreased because of the deduction

explanation system, but the search for the best con�guration is quicker.

ac5 would be preferred not only because of its best worst cas complexity but also

because of its active use of the semantics of the treated constraints which provides

better deduction explanations. A good deduction explanation system provides good

contradiction explanations (i.e. not too general ones). The number of explored

con�gurations is then decreased.

Con�guration jump: This jump is performed in two steps: an identi�cation

step that produces the new contradiction explanation and determines the target

con�guration and a re-computation step that performs the con�guration change.

The production of the new contradiction explanation is immediate. The deter-

mination of the new con�guration can be performed in O(c) (the least important

constraint in the new contradiction explanation) when using the �c comparator.

The con�guration change step depends on the cardinal of the sets C� and C�

as de�ned earlier in the paper. When using �c, C� is empty and C� is a singleton.

3This depends on the comparator. �c is a good one.
4The worst case complexity is the same whatever the constraint solver is (ac4 or ac5).
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The worst case time complexity of the constraint relaxation propagation is the same

as for dnac4: O(e� d2).

The resulting worst case time complexity for the con�guration jump is:

O(c+ e � d2) = O(e � n� d2)

Although complexities are similar for di�erent solvers, the number of tested

con�gurations strongly depends on it. The more intelligent the solver is, the lower

the number of tested con�gurations will be.

6 The DECORUM system

The decorum (Deduction-based Constraint Relaxation Management) system is an

implementation of our search method for dynamic csps. Two versions have been

implemented, one using mit Scheme and the other using Yves Caseau's language

claire [DMI, 1996].

We used decorum to experiment and validate our ideas. Our system can easily

handle problems involving hundreds of variables and thousands of constraints be-

cause the practical complexities of our approach are far below the worst-case values

we presented here.

7 Related Works

7.1 Constraint Logic Programming

Hierarchical Constraint Logic Programming (hclp) [Wilson and Borning, 1993]

has a central role in the clp community. hclp is an extension of clp where each

constraint is provided with a level of preference thus de�ning a constraint hierarchy.

The terminology of hclp is widely used by approaches dealing with hierarchical

systems.

The operational behavior of hclp is like the building of a tower of constraints.

Constraints are introduced level by level in the system (from the most important

to the less important ones) until an inconsistency appears. This approach needs

to completely know the constraint system before resolution (this is not suitable for

dynamic environments). Moreover, operational hclp as proposed by Wilson and

Borning, requires a complete solver, otherwise every addition of constraint leads to

a complete enumeration in order to prove the solvability.

Menezes and Barahona [1996] proposed an instance of hclp over Finite Domains

called Incremental Hierarchical Constraint Solver (ihcs). This approach explores

a set of promising con�gurations but these do not ful�ll the requirements of our

de�nition. ihcs leads to more con�guration tests than our method. Moreover,

such an approach does not avoid trashing because new con�gurations are tested for

satis�ability from scratch.

7.2 Constraint Satisfaction Problems

In the �eld of csp, Partial Constraint Satisfaction Problems (pcsp) [Freuder, 1989]

are a leading research topic. In the pcsp approach metrics are de�ned in order to

optimize the selection of the smallest set of constraints to be relaxed in order to �nd

a solution. Main pcsp works deal with a metric called Maximal Satis�ability which

selects solutions which maximize the total number of satis�ed constraints without

trying to distinguish between ones which are more or less important. This approach

also need to completely know the constraint system before any resolution because

it uses branch and bound techniques.
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Other formalisms (not suitable for dynamic problems) have been proposed, in-

cluding Schiex's Possibilistic csp [1992] and Fargier's Fuzzy csp [Fargier et al.,

1993].

8 Conclusion and Further Works

We proposed in this paper a best �rst search method over con�gurations in order

to handle contraint relaxation in dynamic environments. Moreover, this strategy

can be parameterized by a domain and a constraint solver. We show through the

decorum system that our approach could be used in practice for over-constrained

csp. Complexity results are described.

Now, we plan to work on the following:

� An operational semantics of our transformations in order to embed our ap-

proach in Logic Programming,

� The use of our system to e�ciently handle disjunctions as it is done for the

domain of a variable in decorum,

� The extension of our approach to handle constraints on other domains (such

as Intervals).
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