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Abstract. In this paper, a new search technique over nu-
meric csps is presented: dynamic domain splitting. The usual
search technique over numeric csps is a dichotomic search in-
terleaved with a consistency filtering, which is called domain
splitting. This paper proposes to replace chronological back-
tracking at the core of domain splitting by a non destructive
backtracking technique.

1 Introduction

Many industrial and engineering problems can be seen as con-
straint satisfaction problems (csps). A csp is defined by a set
of variables each with an associated domain of possible values
and a set of constraints on the variables. This paper deals
with csps where the constraints are numeric relations and
where the domains are either finite integer domains or con-
tinuous domains (numeric csps). Numeric csps can be used
to express a large number of problems, in particular physical
models involving imprecise data or partially defined parame-
ters.

In general, numeric csps cannot be tackled with computer
algebra systems, and most numeric algorithms cannot guaran-
tee correctness. The only numeric algorithms that may guar-
antee correctness – even when floating-point computations are
used – are either coming from the interval analysis community
or from the AI community (csp).

Some works in solving such numeric csps can be considered
as “adaptations” to numeric constraints of symbolic csp ideas.
More precisely, they generally define a new partial consistency
that can be computed by an associated filtering algorithm
with a good efficiency (with respect to the domain reductions
performed).

For example, [8, 16, 17] aim at defining concepts of higher
order consistencies similar to k-consistency [6]. [4, 5] propose
in a sense to merge the constraints about the same set of
variables, giving one “total” constraint (thanks to numerical
analysis techniques) and to perform arc-consistency on the
total constraints. [1, 9] aim at expressing interval analysis
prunings as partial consistencies.

Another direction of work over numeric csps is to try to op-
timize the computation of already existing consistency tech-
niques. In this category, [19, 18] propose a method for dynam-
ically detecting and simplifying cyclic phenomena during the
running of a consistency technique, and [15] uses extrapola-
tion methods for accelerating filtering techniques.

All those techniques have as common point to be incom-
plete, and then require to be interleaved with an enumeration
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process (typically a dichotomic one). Constraint-solving algo-
rithms are then a search-tree exploration where at each node
is applied one of the filtering techniques above. When a node
leads to a contradiction, a chronological backtracking is per-
formed.

What is proposed in this paper is yet another adaptation
of a csp idea to numeric csps. It does not consist in another
filtering technique but rather in a new search tree exploration.
To the authors’ knowledge, no work aiming at improving that
search-tree exploration has been done on numeric csps, al-
though chronological backtracking could be replaced by sev-
eral candidates. For example:

• intelligent backtracking algorithms aim at backtracking in
the search tree higher than chronological backtracking. An
example is conflict-directed backjumping [21], which is able
to identify the reasons of a failure and thus to backtrack
directly to the relevant choice point.

• dynamic backtracking proposed in [7] aims at replacing
backtracking (intelligent or not) by the suppression of the
cause of the failure without a complete loss of the work made
between the cause and the failure.

Constraint propagation has been tentatively introduced in
those algorithms: conflict-directed backjumping has been im-
proved with forward-checking [21] and arc-consistency [22],
dynamic backtracking has been improved with forward-
checking [24], and [11, 12, 13] generalize dynamic backtracking
plus arc-consistency for static csps and dynamic csps.

In this paper, we show how that idea of merging dynamic
backtracking and arc-consistency can be useful for solving nu-
meric csps, leading to an intelligent search tree exploration
over the numeric csps.

The paper is organised as follows. Section 2 recalls the dy-
namic backtracking algorithm and summarizes some related
works on the integration of constraint propagation in dynamic
backtracking. Section 3 presents dynamic domain splitting, a
new search-tree exploration for numeric csps. Finally, section
4 introduces first experimental results.

2 Background

2.1 Dynamic backtracking

Enumeration algorithms for csps are mainly based upon
chronological backtracking. The key idea to improve such al-
gorithms is to learn from failure. Learning is achieved through
the notion of nogood borrowed from the tms community [3].
A nogood is defined as a globally inconsistent partial assign-
ment [25]. In other words, a partial assignment A is a nogood
if and only if no solution contains A.
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A first improvement of chronological backtracking has been
provided through Prosser’s [21] conflict-directed backjumping
(cbj) algorithm. This algorithm implicitely uses nogoods by
determining relevant backtrack points2 without losing any so-
lution.

Dynamic backtracking [7] goes further. Back jumping is in-
teresting but a lot of possibly useful and independant work is
irremedially lost upon backtracking. Nogoods should be used
at the maximum of their possibilities. Dynamic backtracking
records and uses them through the notion of eliminating ex-
planation. Let N be a nogood and v the variable in N chosen
as backtrack point. N \ {v = a} is an eliminating explana-
tion for the value a currently assigned to variable v in N .
The key idea of dynamic backtracking relies in not perform-
ing any backtrack: variables chosen as backtrack points in cbj
are here unassigned without modifying any other assignment.
That search processes by jumps in the search space rather
than jumps in the search tree. The completeness of the ap-
proach is ensured by the set of eliminating explanations.

Dynamic backtracking thus improves chronological back-
tracking in two ways: it saves effort by identifying good back-
track points, and it avoids thrashing (recomputing of already
explored sub-parts of the search space) by making surgical
changes when a contradiction occurs.

The main drawback of dynamic backtracking is that it does
not make use of the constraints to guide the search – no re-
duction is performed after any assignment.

2.2 Dynamic backtracking +
arc-consistency

In order to efficiently handle csps, filtering algorithms are
usually used. Such an algorithm performs domain reductions:
values – or tuples of values – are removed because they have
been proved not to appear in any solution of the considered
problem.

For example, arc-consistency has been merged with the
standard backtracking algorithm leading to the mac algo-
rithm (Maintaining Arc-Consistency) [23] which is one of the
best solving algorithm for csp. The idea is to propagate con-
straints in order to achieve arc-consistency after each instan-
tiation.

Constraint propagation has also been integrated with other
enumeration algorithms.

Conflict-directed backjumping [21] is able to identify the
reasons of a failure and thus to backtrack in the search tree
higher than chronological backtracking. To derive benefit from
constraint propagation, Prosser also proposed an hybrida-
tion of conflict-directed backjumping with Forward Checking :
namely the fc-cbj algorithm. fc-cbj performs forward check-
ing reduction upon instantiation. Arc-consistency also has
been introduced within conflict-directed backjumping, giving
the mac-cbj algorithm [22].

As for dynamic backtracking, Schiex and Verfaillie have pre-
sented an integration of forward checking in dynamic back-
tracking for static [25] and dynamic csps [24]. Jussien and
Boizumault [11, 12, 13] have proposed a general scheme to
relax constraints in a dynamic context, and also describe an
instance of the scheme, which is dedicated to the solving of

2 Apart from the last assigned variable.

dynamic csps: the decorum system (Deduction-based Con-
straint Relaxation Management). The algorithm at the core
of the decorum system is in some sense dynamic backtracking
with arc-consistency for symbolic static or dynamic csps [14].

A similar algorithm is presented in the next section for solv-
ing numeric csps: it uses a dichotomic version of dynamic
backtracking together with interval propagation.

3 Dynamic backtracking-like enumeration
over numeric CSPs

3.1 Consistency techniques for numeric
CSPs

The numeric csps fundamental idea was popularized by [2]:
the projection of a numeric constraint over the axes of its vari-
ables is computed with interval arithmetic. For instance, the
classical interval propagation algorithm is a Waltz algorithm
using that idea.

Depending on whether holes in a domain are allowed or not,
the partial consistency ensured by a filtering algorithm con-
cerns all the values (like arc-consistency) or only the bounds
of the domains (like k-B-consistency [16, 17], where B stands
for bounds).

For simplicity, we will assume here that holes in a domain
are not allowed. Thus, for each domain only two values are to
be kept: its lower bound and its upper bound.

In this paper, we will only consider 2B-consistency 3, which
is a kind of arc-consistency restricted to the bounds.

3.2 Dynamic domain splitting

The typical way of finding solutions over numeric csps is
to perform domain splitting, a dichotomic enumeration in-
terleaved with a filtering technique: the filtering technique is
applied on the numeric csp, the domain of a variable is split
in two, and the two resulting numeric csps are explored sep-
arately by chronological backtracking.

That enumeration process can be seen as a sequence of
additions or suppressions of splitting constraints, which are
inequality constraints.

The dynamic domain splitting algorithm proposed here (cf.
Figure 1) proceeds as dynamic backtracking: each time a fail-
ure occurs during the search, the cause of the failure is identi-
fied and deleted without complete loss of the work made be-
tween the cause and the failure. Unlike dynamic backtracking,
the enumeration process is a dichotomic one: a splitting con-
straint in the dynamic domain splitting algorithm plays the
role of an assignment in dynamic backtracking. Thus, a vari-
able may have several splitting constraints at the same time.
For example, a variable x may have at the same time the four
following splitting constraints: x ≥ 10, x ≤ 20, x ≥ 15, x ≥ 17.

Integration of 2B-consistency filtering within dynamic
backtracking can be explained in three steps, addition of a
splitting constraint, identification of the cause of a failure, re-
moving of the splitting constraint that is responsible for the

3 2B-consistency states a local property on a constraint and on
the bounds of the domains of its variables . Roughly speaking, a
constraint c is 2B-consistent if for any variable x in c the bounds
a and b of the domain Dx = [a, b] have a support in the domains
of all other variables of c.
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failure. They correspond respectively in the dynamic back-
tracking algorithm to the assignment of a value to a variable,
the identification of the variable assignment that causes the
failure and the unassignment of that variable.

3.3 Addition of a splitting constraint

As told above, an assignment in dynamic backtracking is re-
placed by the addition of a splitting constraint in the dy-
namic domain splitting algorithm. After each addition of a
splitting constraint a propagation step is performed to en-
force 2B-consistency.

3.4 Identification of the cause of a failure

Identifying the splitting constraint to reconsider upon a fail-
ure can be done in a way similar as mac-cbj identifies the
point where to backtrack [22].

2B-consistency filtering algorithm works by shrinking the
domains, which are intervals: it does not remove values one
by one but it removes a subinterval either from the left of the
interval or from the right. That is it removes in a single step
a set of values.

To make 2B-consistency filtering algorithm capable of iden-
tifying precisely the cause of a failure, two explanations are
to be kept for each domain in order to provide further ex-
planations: how the lower bound has been reached and how
the upper bound has been reached. Then, it suffices to mod-
ify the 2B-consistency filtering algorithm in such a way that
each time a bound of a domain is changed (a set of values is
removed from a domain), an explanation for the new bound
is computed and kept.

More precisely, let c(x1, . . . , xk) be a constraint over k vari-
ables, let bi be one of the bounds of the variable xi. Assume
that, when computing the projection of c over xi, a new value
for bi is obtained. Let B be the set of all the bounds of the
domains of x1, . . . , xk that have been used in the computa-
tion of the new value for bi, let Eb denote the explanation for
the current value of the bound b, then the new explanation
associated to bi can be computed as Ebi =

⋃
b∈B

Eb.
For example, let us consider the constraint x = y + z. Let

[xL, xU ], [yL, yU ] and [zL, zU ] be the domains of x, y and z. A
new upper bound for x can be computed if xU > yU + zU :
the new upper bound for x is yU + zU and its explanation is
EyU ∪ EzU .

In mac-cbj, an explanation is a set of variables that have
been assigned by the enumeration algorithm. From a variable,
it is then easy to retrieve the assignment of this variable. In a
dichotomic enumeration, a same variable can be split several
times. So, it is not sufficient to keep only the variable. For
that reason, an explanation in dynamic domain splitting will
be a set of splitting constraints.

A failure occurs only when a domain becomes empty dur-
ing the 2B-consistency filtering. An explanation for an empty
domain, and hence for a failure, is simply the union of the
explanations of the two bounds of this domain.

Now, we have an explanation of a failure but this is not
exactly what we have called the cause of the failure. In mac-
cbj as in dynamic backtracking the cause of the failure (the
point to which to backtrack in mac-cbj and the variable to
unassign in dynamic backtracking) is simply the last assigned

variable occuring in the explanation of the failure: it can easily
be seen that backtracking upon a variable assigned after this
one will not avoid the failure. Conversely, backtracking upon
a variable assigned before this one may lose a solution. In
the dynamic domain splitting algorithm, this is the same: the
cause of the failure is the most recent splitting constraint in
the explanation of the failure.

3.5 Removing the splitting constraint that
is responsible for the failure

Dynamic backtracking is capable of unassigning a variable i
while leaving untouched all the other variables thanks to elim-
inating explanations: all eliminating explanations containing
i are deleted and the corresponding values are put back in
their respective domains.

Dynamic domain splitting does not unassign a variable but
removes a splitting contraint c. The difference is that the prop-
agation step may have deeply propagated the effect of c. It
is necessary to be able to undo only the effects of c without
undoing the effects of the others splitting constraints i.e. the
algorithm must be able to achieve 2B-consistency as if c had
never existed and without a complete reexecution in order to
keep good performances.

Remember that an explanation is kept for each current
bound of the domains to allow the identification of the split-
ting constraint to remove upon a failure. Those explanations
also make dynamic domain splitting capable of determining
which set of values are to be put back into the considered
domain. Let c be the splitting constraint to remove. All the
bounds of the domains that have been reduced thanks to the
splitting constraint c have c in their explanations. Thus, un-
doing the effects of c can be done simply by:

1. deleting all explanations containing c
2. restoring some previous values for the corresponding

bounds.

Some values that have been put back in their domains could
be possibly deleted by other splitting constraints. So, after
having undone the effects of c a propagation step is needed
to achieve 2B-consistency.

3.6 2B-consistency filtering with
explanations

For the sake of clarity, the above three steps – namely, addi-
tion of a splitting constraint, explanation for a failure, remov-
ing a splitting constraint – can be presented through a 2B-
consistency filtering algorithm called 2b-e (for 2B-consistency
filtering with explanations).

2b-e has the following functionnalities:

• Propagation of a new constraint in order to achieve 2B-
consistency:
addConstraint(in c, out fail-expl).
That function modifies the domains as side effects. It re-
turns true if there is no empty domain and false otherwise.
In this latter case, it gives an explanation for the failure.

• “Depropagation” of a constraint:
removeConstraint(in setOfCts, out fail-expl)).
The past effects of the constraints in setOfCts are deleted
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and 2B-consistency is achieved. That function also mod-
ifies the domains as side effects, returns true if and only
there is no empty domain and gives an explanation for a
failure. A precondition for using this function is that all
the constraints c in setOfCts must have been added by
addConstraint.

2b-e maintains for each bound of the domains an explana-
tion for its curent value. The explanation is built as explained
in subsection 3.4. An explanation is a set of splitting con-
straints. It is assumed in the rest of the paper that the initial
csp (the one considered by the first call to addConstraint)
is 2B-consistent and that each bound of the domains has ∅ as
initial explanation. Thus, the explanation of a bound is the
empty set if and only if the current value of the bound is due
only to the constraints of the csp and not to some splitting
constraints.

3.7 Implementation sketch

Dynamic domain splitting works by splitting the domains in
two. A splitting is a choice between two splitting constraints c1

and c2 (one for each subpart of the domain). We say c1 (resp.
c2) is the negation of c2 (resp. c1), and we note c1 = ¬c2 .

The main loop (cf. Figure 1) consists first in choosing a
variable to split; it stops when there is no more such vari-
able (for instance all the domains are sufficiently tight). Then
a splitting constraint is added to the constraint system: it
chooses the first part of the domain.

If a failure is detected, i.e. a domain becomes empty (lines
4, 5), the function removeMostRecentSplit is called with the
failure explanation as parameter. If the failure explanation is
an empty set, that means the constraint system has no solu-
tion (lines 10, 11). Else, the most recent splitting constraint c
is removed with all its effects. All we have to do is, when re-
moving the effects of a constraint c (lines 13 to 18), to remove
all the “descendants” of the constraint, i.e. the splitting con-
straints on the same domain that are subsequent to c. Note
that when removing a constraint (line 16), a failure may oc-
cur, in which case a recursive call to removeMostRecentSplit
is needed (line 17).

Line 19 verifies that the contraints in E \{c} have not been
removed, what could have been done by the recursive call of
line 17 (if a contraint in E \ {c} has been removed, it is not
possible to keep any eliminating explanation for c, and the
function terminates).

Then the negation of c (corresponding to the other part of
the domain) either has an eliminating explanation or not:

¬c has an eliminating explanation In chronological
backtracking, this would mean that one has to backtrack
higher in the search tree. Here this is done by computing
the union of the eliminating explanations of the two
splitting constraints c and ¬c, and by recursively calling
the function removeMostRecentSplit with that parameter.

¬c has no eliminating explanation This means ¬c has
not been tried (in this context), then it has to be. First
(line 23) the eliminating explanation of c, which is the fail-
ure explanation minus the constraint (see section 2.1), has
to be kept. Then the negation splitting constraint ¬c that
corresponds to the other part of the domain is added.

procedure dynamicDomainSplitting
(1) begin
(2) while there exists a variable i to split do
(3) c ← i ∈ left of Di % new splitting constraint
(4) if not addConstraint(c, fail-expl) then
(5) removeMostRecentSplit(fail-expl)
(6) endif
(7) endwhile
(8) end

procedure removeMostRecentSplit(in E)
(9) begin
(10) if E = ∅ then
(11) no solution
(12) else
(13) c ← the most recent splitting constraint in E
(14) S ← {c}∪ all the splitting constraints descendant of c
(15) delete all elim. expl. containing an element of S
(16) if not removeConstraint(S, fail-expl) then
(17) removeMostRecentSplit(fail-expl)
(18) endif
(19) if E \ {c} is valid then
(20) if ¬c has an elimating explanation then
(21) removeMostRecentSplit(expl(¬c)∪(E \ {c}))
(22) else
(23) keep E \ {c} as eliminating explanation for c
(24) if not addConstraint(¬c, fail-expl) then
(25) removeMostRecentSplit(fail-expl)
(26) endif
(27) endif
(28) endif
(29) endif
(30) end

Figure 1. Dynamic Domain Splitting

Completeness and termination can be shown as complete-
ness and termination of dynamic backtracking. A difficulty
may come from the fact that domains are continous. In fact,
in practice we stop to add splitting constraints when all the
domains are sufficiently tight. So we need to incorporate this
assumption in order to derive the proof.

4 Usefulness of the approach

Consider a problem with independant subproblems P1 and P2,
and an enumeration order that interleaves the enumeration of
the variable of the subproblems. For example,

1. some variables of P1 are split (A),
2. then all the variables of P2 are split until P2 is solved (B),
3. finally the remaining variables of P1 are split (C).

Domain splitting, performing chronological backtracking, will
lose all the work done to solve P2 at each time it needs to
backtrack from C to A, and worse, all the solution of P2 will
be enumerated. In continuous domains, the solution set is not
always a discrete set, then you can imagine why sometimes
the continuous solvers do not give answers...

Unlike domain splitting, dynamic domain splitting will not
change the domains of the variables in P2 when removing a
splitting constraint from (A). The reason is there cannot be
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a splitting constraint over a variable of P2 in an explanation
of contradiction of a splitting constraint over a variable of P1

because of their independance.
Thus, the size of the search space generated by a union of

disjoint subproblems is proportional to the sum of the search
space generated by each subproblem independently. In [20],
such a behavior, is called polynomial space aggressive.

Our first experiments have shown this behavior over several
constraint systems, leading to drastic improvement in perfor-
mance. For example, consider the following csp:

x1 + x2 + x3 + x4 = xl, y1 + y2 + y3 + y4 = yl
x1 + x2− x3 + x4 = 3, y1 + y2− y3 + y4 = 3
(x12) + (x22) + (x32) + (x42) = 4
(y12) + (y22) + (y32) + (y42) = 4
(x12) + (x22) + (x32) + (x42)− 2 ∗ x1 = 3
(y12) + (y22) + (y32) + (y42)− 2 ∗ y1 = 3
x1, x2, x3, x4, y1, y2, y3, y4 ∈ [−1010, +1010]
xl, yl ∈ [−0.2, 0.2]

This is an artificial constraint system composed of twice
the same constraint system Sx and Sy, whithout any shared
variable. Moreover Sx and Sy are undercontrained. We try to
reach only one solution with a precision of 10−5. The com-
mercial product Numerica [10] has been run more than 300
hours on an UltraSparc without giving a solution. With dy-
namic domain splitting a solution can be obtained in a few
seconds.

Of course, in this case a preprocessing could decompose
the constraint system in Sx and Sy, leading to an indepen-
dant solving of Sx and Sy, and the problem would be solved
easily even with a backtracking based search. But in general,
the independance of subsystems is more subtle, and can be
observed only dynamically.

Nevertheless, dynamic domain splitting is not the panacea.
When thrashing as above does not occur, there may exist a
substantial overhead in time. We have tried dynamic domain
splitting over a few traditionnal benchmarks, which typically
are strongly connected. The overhead may vary from a factor
of 1 to 600 compared with Numerica. Experiments need to be
done on a more large scale, with an optimized implementa-
tion.

5 Conclusion and perspectives

This paper has presented a new enumeration algorithm for
solving numeric csps. First experiments are promising, and
experiments over standard benchmarks over numeric csps are
being done to compare dynamic domain splitting with more
classical approaches.

That algorithm may be easily modified in order to handle
dynamic numeric csps. This has already been done for sym-
bolic dynamic csps in the decorum system which handles
over-constrained problems arising in dynamic environments
[11, 12, 13].
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