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Abstract

Recent works on constraint relaxation [Jussien, 1997; Jussien and Boizu-
mault, 1997b] provided the DECORUM system (Deduction-based Constraint
Relaxation Management). That system can be seen as an integration
of arc-consistency within the dynamic backtracking algorithm [Ginsberg,
1993]. Dynamic backtracking replaces the backtracking process by a much
less blind behavior that consists in local modifications of the choices made
up to the current situation. In this paper, a new enumeration technique
over numeric CSPs is proposed: dynamic domain splitting. This is a do-
main splitting search where chronological backtracking is replaced by a
kind of dynamic backtracking.

1 Introduction

Many industrial and engineering problems can be seen as constraint satisfaction
problems (csps). A csp is defined by a set of variables each with an associated
domain of possible values and a set of constraints on the variables. This paper
deals with csps where the constraints are numeric relations and where the
domains are either finite integer domains or continuous domains (numeric csps).
Numeric ¢sps can be used to express a large number of problems, in particular
physical models involving imprecise data or partially defined parameters.

In general, numeric ¢sps cannot be tackled with computer algebra systems,
and most numeric algorithms cannot guarantee correctness. The only numeric
algorithms that guarantee correctness — even when floating-point computations
are used — are either coming from the interval analysis community or from the
Al community (csp).

Some works in solving such numeric ¢SPs can be considered as “adapta-
tions” to numeric constraints of symbolic cspP ideas. More precisely, they gen-
erally define a new partial consistency that can be computed by an associated
filtering algorithm with a good efficiency (with regard to the domain reductions
performed).

For example, [Lhomme, 1993; 1994; Haroud and Faltings, 1994] aim at defin-
ing concepts of higher order consistencies similar to k-consistency [Freuder,
1978]. [Faltings, 1994; Faltings and Gelle, 1997] propose in a sense to merge the



constraints concerning the same variables, giving one “total” constraint (thanks
to numerical analysis techniques) and perform arc-consistency on the total con-
straints. [Benhamou et al., 1994; Hentenryck et al., 1997] aim at expressing
interval analysis prunings as partial consistencies.

All those techniques have as common point to be incomplete, and then
require to be interleaved with an enumeration process (typically a dichotomic
one). Constraint-solving algorithms are then a search-tree exploration where at
each node is applied one of the filtering techniques above. When a node leads
to a contradiction, a chronological backtracking is performed.

What is proposed in this paper is yet another adaptation of a csp idea to
numeric ¢SPs. It does not consist in another filtering technique but rather in
a new search tree exploration. To the authors’ knowledge, no work aiming at
improving that search-tree exploration has been done on numeric csps, although
chronological backtracking could be evicted by several candidates. For example:

o Conflict-directed backjumping [Prosser, 1993] is able to identify the rea-
sons of a failure and thus to backtrack in the search tree higher than
chronological backtracking.

o dynamic backtracking proposed in [Ginsberg, 1993] aims at replacing back-
tracking (intelligent or not) by the suppression of the cause of the failure
without loss of the work made between the cause and the failure.

Constraint propagation has been tentatively introduced in those algorithms:
conflict-directed backjumping has been improved with forward-checking [Prosser,
1993] and arc-consistency [Prosser, 1995], dynamic backtracking has been im-
proved with forward-checking [Verfaillie and Schiex, 1994].

In this paper, we will use a more recent work [Jussien, 1997; Jussien and
Boizumault, 1997a; 1997b] that in some sense, generalizes dynamic backtracking
plus arc-consistency for static ¢sps and dynamic ¢sps. They propose a general
scheme —Relax(D,C,P)- and a system ~-DECORUM- to relax constraints in a
dynamic context. Two features of that work does import here:

e The first one, whose roots can be tracked from the DNAC4 algorithm
[Bessiere, 1991], makes filtering techniques over csP incremental for con-
straint deletion and addition.

e The second feature, automatic identification of the constraints to relax,
allows the enumeration process to be seen as a sequence of equality con-
straint addition and deletion. That is, as in dynamic backtracking, there
is no longer backtracking after a failure: it is replaced by a “surgical op-
eration” on the causes of the failure. The incrementality of the filtering
algorithm makes that enumeration process efficient.

[Jussien and Boizumault, 1997c] explains how this system can be seen as
dynamic backtracking plus arc-consistency for symbolic static or dynamic csps.
In this paper, we show how the idea of dynamic backtracking can be useful for
solving numeric csps, leading to an intelligent search tree exploration over the
static numeric csps. Yet in fact, dynamic numeric ¢sPs can also be handled



easily by minor modifications. But this paper primarily aims at showing that
a dynamic contraint solver, being designed to reuse as possible the past search
tree exploration, can be of great interest also for static csps.

The paper is organised as follows. In section 2, we recall the dynamic back-
tracking algorithm. Section 3 presents the DECORUM system’s basic machinery.
Section 4 summarizes how DECORUM can be considered as dynamic backtracking
plus arc-consistency, and section 5 presents dynamic domain splitting, a new
search-tree exploration for numeric CsPps.

2 Dynamic backtracking

Enumerations algorithms for ¢sps are mainly based upon chronological back-
tracking. The key idea to improve such algorithms is to learn from failure.
Learning is achieved through the notion of nogood borrowed from the TMS
community [Doyle, 1979]. A nogood is defined as a globally inconsistent partial
assignment [Verfaillie and Schiex, 1995]. More precisely, a partial assignment
A is a nogood if and only if no solution contains A.

A first improvement of chronological backtracking has been provided through
Prosser’s [1993] conflict-directed backjumping (cBJ) algorithm. This algorithm
implicitely uses nogoods by determining relevant backtrack points' without los-
ing any solution.

Dynamic backtracking [Ginsberg, 1993] goes further. Back jumping is in-
teresting but a lot of possibly useful and independant work is irremedially lost
upon backtracking. Nogoods should be used at the maximum of their possi-
bilities. dynamic backtracking records and uses them through the notion of
eliminating explanation. Let N be a nogood and v the variable in N chosen
as backtrack point. N\ {v = a} is an eliminating explanation for the value a
assigned to variable v in N. The key idea of dynamic backtracking relies in not
performing any backtrack: variables chosen as backtrack point are unassigned
without modifying any other assignment. That search processes by jumps. The
completeness of the approach is ensured by the set of eliminating explanations.

Dynamic backtracking thus improves chronological backtracking in two ways:

e it saves effort by identifying good backtrack points.

e it avoids thrashing (recomputing of already explored sub-parts of the
search space) by making surgical changes when a contradiction occurs.

The main drawback of dynamic backtracking is that it does not make use
of the constraints to guide the search — no reduction is performed after any
assignment.

3 The DECORUM system

The DECORUM system handles over-constrained problems arising in dynamic
environments [Jussien, 1997; Jussien and Boizumault, 1997a; 1997b]. Those

! Apart from the last assigned variable.



works provide a general schema for handling them and DECORUM is an imple-
mentation of the presented ideas for csps.
DECORUM relies upon two main considerations:

e When a contradiction occurs in a dynamic problem, a constraint to relax
must be chosen taking into account both its real effects on the variables
of the problem?, and the user’s preferences on the constraints®.

e When relaxing a constraint, a complete reexecution must be avoided as
much as possible. For that, information on the constraint past effects
must be kept in order to ensure a real incrementality. The roots of this
point can be tracked from the DNAC4 algorithm [Bessiere, 1991] which
enforces arc-consistency in a constraints set after the removal or addition
of one constraint.

In order to efficiently handle csps, filtering algorithms are usually used.
Such an algorithm performs domain reductions: values — or tuples of values
— are removed because they do not appear in any solution of the considered
problem.

As told above, information about past effects of constraints need to be kept.
This can be done by asking the filtering algorithm to give an explanation for
each domain reduction it performs. Informally, an exzplanation for the removal
of value a from the domain of variable v is a subset F of constraints having no
solution together with the assignment of a to v.

The core of DECORUM is an arc-consistency filtering algorithm that provides
explanations. It will be called an AcE algorithm (arc-consistency with explana-
tions) throughout the paper. Such an algorithm is designed from any classical
arc-consistency filtering algorithm: either a static one (such as Ac4 [Mohr and
Henderson, 1986 or ac5 [Van Hentenryck et al., 1992]) or a dynamic one (such
as DNAC4 [Bessiere, 1991] or DNAC6 [Debruyne, 1995]).

The need to relax a constraint seems to elect a dynamic version of an ACE
algorithm. Yet, in fact maintaining explanations for the domain reductions
trivially makes dynamic any static algorithm: it is sufficient to forget reductions
whose explanations contains the constraint to relax and to repropagate the
constraints upon the corresponding variable. The basic functionnalities of an
ACE algorithm are then twofolds:

e propagation of a new constraint in order to achieve arc-consistency:
function addConstraint(c,explanation).
The second parameter is an explanation for the constraint addition.

e “depropagation” of a constraint:
function removeConstraint(setOfConstraints).
The past effects of the constraints are deleted and arc-consistency is
achieved.

Furthermore, when a contradiction occurs during the computation of arc-consistency,
the ACE algorithm gives an explanation for it.

2Tt must be partly responsible for the contradiction.
®Some constraints are more important than others.



Providing explanations Explanations are computed by the AcE algorithm.
Let us consider an example: an aAch-based ACE algorithm. The Ac5 algorithm
actively uses the semantics of the handled constraints. For example, when
filtering a constraint @ > y considering that the current domain of z is {..., a},
values greater than a will be removed from d, and an exzplanation for these
removals can be F = Uy, p5q Frzp Where Es represents an explanation for
reduction §.

Performing efficient constraint removal Past effects of a constraint must
be erased upon its removal. For a constraint ¢, let us define the set «(c) as the
set of all the explanations containing constraint ¢. If the constraint ¢ is removed,
all these explanations are no more valid i.e. the associated value removal may
be reconsidered.

Operationnally, the associated values of the set a(c) are put back in their
respective domain®. In order to ensure arc-consistency, these reintroduced val-
ues need to be tested for another removal explanation. If such an explanation
exists, the value is removed as usual.

4 Dynamic backtracking + arc-consistency

Arc-consistency has already been merged with the standard backtracking algo-
rithm leading to the Mac algorithm (Maintaining Arc-Consistency) [Sabin and
Freuder, 1994] which is one of the best solving algorithm for csp. The idea is to
propagate constraints in order to achieve arc-consistency after each instantia-
tion. What about integration of constraint propagation with other enumeration
algorithms?

Conflict-directed backjumping [Prosser, 1993] is able to identify the reasons
of a failure and thus to backtrack in the search tree higher than chronologi-
cal backtracking. To derive benefit from constraint propagation, Prosser also
proposed an hybridation of conflict-directed backjumping with Forward Check-
ing: namely the Fc-cBJ algorithm. rc-cBJ performs forward checking reduc-
tion upon instantiation. Nevertheless, Bessiere and Régin [Bessiere and Régin,
1996] showed that the mMAc algorithm [Sabin and Freuder, 1994], based on
chronological backtracking, was far better than Fc-cBJ on hard problems. Arc-
consistency also has been introduced within intelligent backtracking algorithms
[Prosser, 1995]. Unfortunately, the overhead due to the modification of the
propagation algorithm in order to provide explanations was not compensated
by the improvements in the search.

Schiex et Verfaillie have proposed an integration of dynamic backtracking
with forward checking for static [Verfaillie and Schiex, 1995] and dynamic csps
[Verfaillie and Schiex, 1994]. But, [Verfaillie and Schiex, 1994] have observed
that forward checking was apparently much more beneficial to intelligent back-
tracking algorithms than to dynamic backtracking.

*In a DNAc4-like algorithm the set a(c) is not explicitely represented, but is computed from
the justif structure. The justif structure associates to each value removal the constraint origin
of the deletion



People therefore thought there was no need in integrating arc-consistency
within improvements of standard backtracking (e.g. [Bessiere and Régin, 1996]
concluded that using “intelligent” backtracking techniques is useless). And
thus, no proposition have been done in order to improve dynamic backtracking
with arc-consistency.

The propagation step is easy to integrate in dynamic backtracking: after
each assignment. But, when unassigning a variable (leaving untouched all the
other variables), it is necessary to be able to undo only the effects of the recon-
sidered assignment without reconsidering the effects of the propagation of the
others assignments 4.e. the algorithm must be able to achieve arc-consistency
as if the reconsidered assignment had never been made and without a complete
reexecution in order to keep good performances.

In fact, an ACE algorithm, as presented in the previous section, provides
all the necessary functionnalities to integrate arc-consistency within dynamic
backtracking. The key idea is to consider an assignment as the addition of an
equality constraint between a variable and its value and to consider an unas-
signment as a constraint removal. Contradiction explanations (made up of enu-
meration constraints) are usable within the dynamic backtracking algorithm as
eliminating explanation. The ACE algorithm can be used in order to: propagate
constraints, remove constraints and provide contradiction explanations. More
details can be seeked in [Jussien and Boizumault, 1997c].

In the following, we present a dynamic backtracking-based enumeration al-
gorithm for solving numeric csps.

5 Dynamic backtracking-like enumeration over nu-
meric CSPs

5.1 Dynamic Bound-Consistency for Intervals

The numeric csps fundamental idea was popularized by [Davis, 1987): the
projection of a numeric constraint over the axes of its variables is computed
with interval arithmetic. For instance, the interval propagation algorithm is a
Waltz algorithm using that idea.

Depending on whether holes in a domain are allowed or not, the partial
consistency ensured by a filtering algorithm concerns all the values (like arc-
consistency) or only the bounds of the domains (like k-B-consistency [Lhomme,
1993], where B stands for bounds).

For simplicity, we will assume here that holes in a domain are not allowed.
Thus, for each domain only two values are to be kept: its lower bound and its
upper bound. So we will only consider bound-consistency.

When considering constraint removal, explanations must be kept for each
interval modification to be able to determine which set of values are to be put
back into the considered domain. The notion of explanation for each value
removal (cf. section 3) can be adapted here to explanation for removal of a set
of values (either from the left of the interval or from the right). Indeed, only



two explanations® are to be kept for each domain in order to provide further
explanations: how the lower bound has been reached and how the upper bound
has been reached.

In the same way we defined an ACE algorithm from any Ac algorithm, we
can define a BCE algorithm (bound-consistency with explanations) from a bound-
consistency filtering algorithm. Basically, we use the same machinery but with
a different basis: a bound-consistency algorithm. Note that, due to bound-
consistency, when putting back value, a single interval need to be computed
i.e. the convex hull of the resulting interval is answered whilst performing the
necessary modifications to the explanations system.

5.2 Dynamic domain splitting

The typical way of finding solutions over numeric CsPs is to perform domain
splitting, a dichotomic enumeration interleaved with a filtering technique: the
filtering technique is applied on the numeric csp, the domain of a variable is
split in two, and the two resulting numeric csps are explored separately by
chronological backtracking.

That enumeration process can be seen as a sequence of additions or sup-
pressions of splitting constraints, which are inequality constraints.

The dynamic domain splitting algorithm proposed here (cf. figure 1) pro-
ceeds as dynamic backtracking: each time a failure occurs during the search, the
cause of the failure is deleted without complete loss of the work made between
the cause and the failure. The enumeration process is here a dichotomic one.
A splitting constraint in the dynamic domain splitting algorithm plays the role
of an assignment in dynamic backtracking. Thus, a variable may have several
splitting constraints at the same time.

There are two kinds of splitting constraint addition:

e the first ones are due to a new splitting. Choosing the first part of the
variable domain is performed by the addition of a constraint to the con-
straint system.

e The second ones are due to an already active splitting. A splitting is a
choice between two splitting constraints ¢; and ¢y (one for each subpart of
the domain). We say ¢y (¢2) is the negation splitting constraint of ¢; (1),
and we note ¢y = —cg . If a splitting constraint ¢ is removed and if its
negation splitting constraint —¢ has not been tried (it has no eliminating
explanation), then —¢ has to be added.

An explanation is here a set of splitting constraints. As soon a contradic-
tion is detected, the contradiction explanation is analysed and its most recent
splitting constraint is deleted (with all its effects). All we have to do is, when
removing the effects of a constraint ¢, to remove all the “descendants” of the
constraint, i.e. the splitting constraints on the same domain that are subsequent
to ¢ (that point is not mandatory since the subsequent splitting constraints on

*Domain reductions are based only on the current value of the considered intervals.



the same domain either would lead to a contradiction or would be subsumed
by the next splitting constraint addition.)

Finally it remains to explain what to do after a removal of a splitting con-
straint when its negation splitting constraint (corresponding to the other part
of the domain) has an eliminating explanation. In chronological backtracking,
this would mean that one has to backtrack higher in the search tree. Here this
is done by raising a contradiction, with as explanation the union of the elimi-
nating explanations of the two splitting constraints. This will lead to another
splitting constraint removal.

5.3 Implementation sketch

The main loop consists first in choosing a variable to split; it stops when there
is no more such variable (for instance all the domains are sufficiently tight).
Then a splitting constraint is added to the constraint system to choose the first
part of the domain®.

When a failure is detected (i.e. a domain becomes empty), the function re-
moveMostRecentSplitis called with the contradiction explanation as parameter.
If the contradiction explanation is an empty set, that means the constraint sys-
tem has no solution. Else, the most recent splitting constraint ¢ is removed with
all its effects. As explained in the previous section, all the effects of the “de-
scendants” of the constraint have also to be removed. Then either the negation
splitting constraint of ¢ has an eliminating explanation or not:

e In the first case, the eliminating explanations of the two splitting con-
straint removal are unioned. Then what we have to do is only to recur-
sively call the function removeMostRecentSplit with that parameter.

e In the second case, we keep the eliminating explanation of ¢ which is
the contradiction explanation minus the constraint (see section 2). Then
the negation splitting constraint that corresponds to the other part of a
domain is added.

Completeness and termination can be shown as completeness and termina-
tion of dynamic backtracking.
5.4 Usefulness of the approach

Consider a problem with independant subproblems P, and P, and an enumer-
ation order that interleaves the enumeration of the variable of the subproblems.
For example,

1. some variables of P are splitted (A),
2. then all the variables of P are splitted until P is solved (B),

3. finally the remaining variables of P, are splitted (C').

Sfor simplicity, we will assume in this paper that the first part of the domain is always the
left subinterval.



procedure dynamicDomainSplitting

(1) begin

(2) while there exists a variable ¢ to split do

(3) ¢ + 1 € left of D; % new splitting constraint

(4) if not addConstraint(c,{c}) then

(5) E < returned contradiction explanation

(6) removeMostRecentSplit( F)

(7) endif

(8) endwhile

(9) endwhile

(10) end

procedure removeMostRecentSplit(in E)

(11) begin

(12) if F = & then

(13) failure

(14)  else

(15) ¢ < the most recent splitting constraint in £

(16) S + {c}uU all the splitting constraints descendant of ¢
(17) if —c has an eliminating explanation then

(18) lastTry + true

(19) expl PreviousTry + eliminating explanation of —c¢
(20) else

(21) lastTry « false

(22) endif

(23) delete all the eliminating explanations of splitting constraints containing an element of .S
(24) if not removeConstraint(.S) then

(25) E’ + contradiction explanation

(26) removeMostRecentSplit(E")

(27) endif

(28) if F\ {c} is valid then

(29) if lastTry then

(30) removeMostRecentSplit(expl PreviousTry U (E \ {c}))
(31) else

(32) keep E \ {c} as eliminating explanation for c
(33) if not addConstraint(—c,{—c}) then

(34) E’ + contradiction explanation

(35) removeMostRecentSplit(E")

(36) endif

(37) endif

(38) endif

(39)  endif

(40) end

Figure 1: Dynamic Domain Splitting



Domain splitting, performing chronological backtracking, will lose all the work
done to solve P, at each time it needs to backtrack from C' to A, and worse, all
the solution of P, will be enumerated. In continuous domains, the solution set is
not always a discrete set, then you can imagine why sometimes the continuous
solvers do not give answers...

Unlike domain splitting, dynamic domain splitting will not change the do-
mains of the variables in P, when removing a splitting constraint from (A).
The reason is there cannot be a splitting constraint over a variable of P in
an explanation of contradiction of a splitting constraint over a variable of Py
because of their independance.

Our very first experiments have shown such a behavior over several con-
straint systems, leading to drastic improvement in performance. Nevertheless,
when this kind of thrashing does not occur, there may exist a substantial over-
head in time. Experiments need to be done on a more large scale.

6 Conclusion and perspectives

This paper has presented a new enumeration algorithm for solving numeric
static csps. First experiments are promising, and experiments over standard
benchmarks over numeric csps are being done to compare dynamic domain
splitting with more classical approaches.

That algorithm may be easily modified in order to handle dynamic numeric
csPs. But this paper primarily aims at showing how ideas from dynamic csps
can be of great interest also for static csps.
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