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1 Correctness

Theorem 1 (Typing Correctness). If Γ `M : T , σ is a valid interpretation of Γ then

JΓKσ ` [M ]σp : JT Kσp

where p is the last forcing condition occurring in σ.

Proof. By induction on the structure of Γ `M : T .

• Abs :

Subset

Abstr

hyp ind
JΓ, x : AKσ+(x,T,q) ` [M ]σ+(x,T,q)

q : [U ]σ+(x,T,q)
q

JΓKσ ` λq : Pp.λx : JT Kσq .[M ]σ+(x,T,q)
q : Πq : Pp.Πx : JT Kσq .JUKσ+(x,T,q)

q + proof obligation

JΓKσ ` λq : Pp.λx : JT Kσq .[M ]σ+(x,T,q)
q :

{
f : Πq : Pp.Πx : JT Kσq .JUKσ+(x,T,q)

q | commΠ(f, T, U, q)
}

with the proof obligation commΠ(λq : Pp.λx : JT Kσq .[M ]
σ+(x,T,q)
q , T, U, q)

• Var :

Var
` wf(x : JAKσσ2(x), JΓKσ)

x : JAKσσ2(x), JΓKσ ` x : JAKσσ2(x)

x : JAKσσ2(x), JΓKσ ` θσ,Aσ2(x)→px : JAKσp

• Prod :

To prove JΓKσ ` [Πx : T.U ]σp : Sh(p, s2) we use the rule Pair with the two following proof trees :

Abstr

Subset

Prod

Proj-1
q : Pp, r : Pq, JΓ, x : T Kσ+(x,T,r) ` [U ]σ+(x,T,r)

r : Sh(r, s2)

JΓKσ, q : Pp, r : Pq, x : JT Kσr ` JUKσ+(x,T,r)
r : s2

JΓKσ, q : Pp ` Πr : Pq.Πx : JT Kσr .JUKσ+(x,T,r)
r : s2

JΓKσ, q : Pp `
{
f : Πr : Pq.Πx : JT Kσr .JUKσ+(x,T,r)

r | commΠ(f, T, U, q)
}

: s2

JΓKσ ` λq : Pp.
{
f : Πr : Pq.Πx : JT Kσr .JUKσ+(x,T,r)

r | commΠ(f, T, U, q)
}

︸ ︷︷ ︸
M

: Pp → s2

Conv

App

Abstr
q : Pp, r : Pq, f : JΠx : T.UKσq , s : Pr, JΓKσ ` fs : Πx : JT Kσr .JUKσ+(x,T,r)

r

JΓKσ ` λq : Pp.λr : Pq.λf : JΠx : T.UKσq .λs : Πq : Pp.Πr : Pq.JΠx : T.UKσq → JΠx : T.UKσr
JΓKσ ` λq : Pp.λr : Pq.λf : JΠx : T.UKσq .λs : Pr.fs : Πq : Pp.Πr : Pq.Mq →Mr
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with the proof obligations

trans(λq : Pp.λr : Pq.λf : JΠx : T.UKσq .λs : Pr.fs, p)

and
refl(λq : Pp.λr : Pq.λf : JΠx : T.UKσq .λs : Pr.fs, p)

• App :

Conv

App
JΓKσ ` [M ]σpp : Πx : JT Kσp .JUKσ+(x,T,p)

p JΓKσ ` [N ]σp : JT Kσp
JΓKσ ` [M ]σpp[N ]σp : JUKσ+(x,T,p)

p

{
[N ]σp/x

}
JΓKσ ` appT,U,N

(
[M ]σpp[N ]σp

)
: JU {N/x}Kσp

• Ax :

To prove JΓKσ ` (λq : Pp.Sh(q,Typei),ShC(p,Typei)) : Sh(p,Typei+1) we use the rule Pair with the
two following proof trees :

Abstr

Sum
JΓKσ, q : Pp ` Pq → Typei : Typei+1...

JΓKσ, q : Pp ` Σf : Pq → Typei. {θ : Πr : Pq.Πs : Pr.fr → fs | trans(θ, q) ∧ refl(θ, q)} : Typei+1

JΓKσ ` λq : Pp.Sh(q,Typei) : Pp → Typei+1

Subset

Conv

Abstr

Sum
JΓKσ, q : Pp, r : Pq, f : Sh(q,Typei). ` (λs : Pr.(π1f)s, λs : Pr.λt : Ps.λx : (π1f)s.(π2f)stx) : Sh(r,Typei)

JΓKσ ` ShC(p,Typei) : Πq : Pp.Πr : Pq.Sh(q,Typei)→ Sh(r,Typei)

JΓKσ ` ShC(p,Typei) : Πq : Pp.Πr : Pq.Mq →Mr

JΓKσ ` ShC(p,Typei) : {θ : Πq : Pp.Πr : Pq.Mq →Mr | trans(θ, p) ∧ refl(θ, p)}

with proof obligations :

– trans(ShC(p,Typei), p)

– refl(ShC(p,Typei), p)

– trans(λs : Pr.λt : Ps.λx : (π1f)s.(π2f)stx), r)

– refl(λs : Pr.λt : Ps.λx : (π1f)s.(π2f)stx), r)

The proof of
JΓKσ ` (λq : Pp.Sh(q,Prop),ShC(p,Prop)) : Sh(p,Type0)

is done in the same way, with less proof obligations.

• Conv :

Conv’*
JΓKσ ` [M ]σp : JT KσpT ' U

JΓKσ ` [convT,UM ]σp : JUKσp
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2 Definition of some proof terms

The proof-terms in the prototype are generated using proof obligations of Russell. Then using the tactic
autorewrite with the equality from refl, trans and comm, we can prove them automatically.

To give some clues about the shape of these proof-terms, we provide for some of them their translation.

Definition 1. The term subst eq
,M,T is of type

ΠN : T.Πp : P.Πq : Pp.([N ]σq = θσ,Tp→q[N ]σp )→
(
[M {N/x}]σq = [M ]σ+(x,T,q)

q

{
[N ]σp/x

} )
It is defined as :

• subst eqx,U p q N πN,p,q = πN,p,q

• subst eqT,U p q N πN,p,q = eq refl otherwise

Definition 2. The term mono substσM,T is of type

ΠN : T.Πp : P.Πp : Pq.([M ]σ+(x,T,q)
q

{
(θσ,Tp→qN)/x

}
= [M ]σ+(x,T,p)

q {N/x})

It is defined by induction on N :

• mono substσx,T = λN : T.λp : P.λq : Pp.trans(θ, p)p q q

• mono substσM,T = some eq rect mono substσM′,T .

Definition 3. The term mono tradσN is of type

Πp : P.Πp : Pq.([N ]σq = θσ,Tp→q[N ]σp )

It is defined by induction on N :

• mono tradσx = λp : P.λq : Pp.trans(θ, σ2(x))σ2(x) q p

• mono tradσMN = λp : P.λq : Pp.(commΠ(M,T,U, p)N) + some eq rect mono tradσM and eq rect mono tradσN .

• mono tradσM = eq refl otherwise.

The correctness of the definition of mono tradσMN is given by the following lemma.

Lemma 1.

θσ,U{x/N}
p→q (eq rect JUKσp id JUKσp

{
x/JNKσp

} (
subst eqT,U p pN (mono tradσN p p)

)
R)

is equal to

eq rect JU {x/N}Kσq id JUKσq
{
x/JNKσq

} (
subst eqT,U q q N (mono tradσN q q)

)
(θσ+(x,T,p),U
p→q R)

Proof. Using proof irrelevance (or at least the axiom K), we can identify mono tradσN p p to eq refl and
then reduce eq rect .

Definition 4. The term commlamM,T is of type commΠ([λx : T.M ]σp , T, U, p). It is defined by

eq ind r (JUKσ+(x,T,s)
s )(θσ+(x,T,r),T

r→s [M ]σ+(x,T,r)
r {N/x})(...)

[
eq ind (JUKσ+(x,T,s)

s )([M ]σ+(x,T,s)
s

{
θσ,Tr→sN/x

}
) (...) reflexivity([M ]σ+(x,T,r)

s {N/x})(mono substσM,T Nrs)
]
([M ]σ+(x,T,r)

s {N/x})

Definition 5. [appT,U,NM ]σp
def
= eq rect JU {x/N}Kσp id

(
JUKσ+(x,T,p)

p

{
x/[N ]σp

})(
subst eqT,U p pN (mono tradσN p p)

)
[M ]σp
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