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1 Correctness

Theorem 1 (Typing Correctuess). If I'F M : T, o is a valid interpretation of T' then

where p

[T17 F (M]3 - [T]7

is the last forcing condition occurring in o.

Proof. By induction on the structure of I' - M : T'.

e ABS:
N HYP IND [,z : AH0+(x,T,q) - [M]Z+(1,T,q) . [U]ZJF(:E’T’q)
BSTR
SUBSET [T Ag = Py : [[T]]Z'[M}Z+(I7T’q) g - Py 1l [[T]]Z'[[UMHI’T’Q) + proof obligation

[T]° - Aq : Ppda : [T]S.[M]SHET) . { f i Tlq : Pyl : [T]S.[U]HET9 | commp(f, T, U, q)}

with the proof obligation commyy(Ag : Pp. Az [[Tﬂg.[M]ng’T’q), T,U,q)

e VAR : . .
Van Fwf(x: [[A}]UQ(w), [r1%)
2 [A]7, ), [T17 Fz : [A]7, o)
2 2 [A]g, 0, [T1° F 020, 7 < [AID
e PROD :

To prove [[']7 & [l : T.U]7 : Sh(p, s2) we use the rule PAIR with the two following proof trees :

ABSTR

CoNv

q:Pp,r: Pyl x: T]]”'*'(m’T’T) H [U]f"'(m’T’r) : Sh(r, s2)
TN, q:Pp,r:Pyx: [T] F HU]]ZJF(‘T’T’T) : 89
[T1°,q: Pp b r : PyIla : [T]2.[U]STETT) : sy
[N, q: Pyt {f Iy Pyl : [[T]];f.[[U]]?"’(””’T’T) | commyp(f,T,U, q)} : 89

ProiJ-1

ProD

SUBSET

ABSTR
[T]° + Aq : Pp. {f My PyI0e - [T]2.[U]Z @ T | commy (f, T, U, q)} tPp — 52

M

App
q:Pp,r: Py fi M : T.UJ7,s: P, [T]7 &= fs: [T]e.[U]et @ T

[C]7 = Aq: Ppdr: Py Af [l : T.UJ7 As : g : Py Ilr - Py.[llz : T.U]7 — [z : T.U]7
[C]7 = Aq = PpAr: PeAf [Tl : T.UG As : Pp.fs : Hg : Py lr : Py.Mq — Mr




with the proof obligations

trans(A\q : Pp.Ar : Py Af [z : T.UJ7.As : Pr.fs,p)

and
refl(\q : Pp.Ar: Py Af o [z : T.U]7.As - Pr.f5,p)
e APP:
N [T]° + (Mgp : T - [T]5.[U]TP[T]° = [N]S « [T]
PP

oo T DMIgpINT T TP ([N o)
[T1° F appry v ((M]gp[N]7) : [U{N/x}];

o AX:

To prove [I']? F (Aq : Pp.Sh(q, Type;), ShC(p, Type;)) : Sh(p, Type, ;) we use the rule PAIR with the
two following proof trees :

[I]7,q: P, Py — Type; : Type; ...
[C17,q: P, = Xf: Py — Type;. {6 : IlIr : Pylls : Pr.fr — fs | trans(6,q) Arefl(d,q)} : Type,;
[T = Aq : P,.Sh(q, Type;) : P, — Type; 4

SuMm

ABSTR

S

o [T1°,q : Pp,r: Py, f : Sh(q, Type;). F (As : Pr.(m1f)s, As : Pr. At : Py Az : (w1 f)s.(maf)stx) : Sh(r, Type;)

ABSTR -
Cony [T]° + ShC(p, Type;) : g : P,.IIr : P,.Sh(g, Type;) — Sh(r, Type;)
SUBSET [T]° = ShC(p, Type;) : g : Pp.Ir : Py.Mq — Mr

[T]° = ShC(p, Type;) : {6 : g : P,.Ir : P,.Mq — Mr | trans(6,p) A refl(0, p)}

with proof obligations :

— trans(ShC(p, Type;),p)
— refl(ShC(p, Type;), p)
— trans(As : P At : P Ax : (w1 f)s.(maf)stx), r)
— refl(As : P At : Py dx : (w1 f)s.(maf)stx),r)
The proof of
[T]° F (Mg : Pp.Sh(g, Prop), ShC(p, Prop)) : Sh(p, Type,)

is done in the same way, with less proof obligations.

e Conv :
[T]° + [M]g : [[T]]gT ~U

Conv'*
[T]° + [coan,UM]; : [[U]]Z




2 Definition of some proof terms

The proof-terms in the prototype are generated using proof obligations of Russell. Then using the tactic
autorewrite with the equality from refl, trans and comm, we can prove them automatically.
To give some clues about the shape of these proof-terms, we provide for some of them their translation.

Definition 1. The term subst_eq nv,T is of type

[N : T.Ip : P.Ilg : Pp.([N]g = 9;’_T>q[N]Z) %([M {N/x}]g = [M]ZHI’T}q) {[N]g/x})
It is defined as :
e subst_eqyu PGN TN pg = TNpq

e subst_eqr u pgN 7N pq = eq_refl otherwise

Definition 2. The term mono_substy; 1 is of type

IIN : T.Ip : P.Ip : Py.([M]STETD {057 N) o} = [M]gH=TP) (N /x})

p—q
It is defined by induction on N :
e mono_subst; ;. = AN : T.A\p: P.\q: Pp.trans(0,p)pqq
e mono_substy; 1 = some eq_rect mono_substg; .
Definition 3. The term mono_tradg; is of type
Op : PIlp: Py.([N]7 = GZEQ[N]Z)
It is defined by induction on N :
e mono_trad? = Ap: P.\q: Pp.trans(d, o2(x))o2(x) gp
e mono_trad§; = Ap: P.A\g: Pp,.(commy (M, T,U, p)N) + some eq_rect mono_tradf,; and eq_rect mono_trady; .
e mono_tradf; = eq-refl otherwise.
The correctness of the definition of mono_tradg;, is given by the following lemma.
Lemma 1.
HEEJI/N}(eq,rect [U17id [U]g {«/[N]7} (subst_eqr,u pp N (mono_tradg; pp)) R)
is equal to

eq.rect [U {z/N}]7id [U]] {=/[N]7} (subst_eqr,u ¢¢ N (mono_trady; qq)) (OZij’T’p)’U R)

Proof. Using proof irrelevance (or at least the axiom K), we can identify mono_trad pp to eq_refl and
then reduce eq_rect . O

Definition 4. The term commlam,; 7 is of type commy ([A\z : T.M]7,T,U,p). It is defined by
eqind_r ([UJZ5T) (074 T T 0T (N ))(..) [eqind (VI HET0) (MITHET (67T N/a)) (..) reflexivity

Definition 5. [appr ;v M]] © eq_rect [U{z/N}]7id ([[U]]ZJF(JC’T’I’) {=/[N]5})

(subst_eqr,u pp N (mono_tradg; pp)) [M]7
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