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Task model

Unifies two models:

 The first one (Beldiceanu and Carlsson, CP- 2002): T_-_)
— Positive or negative rectangle task ; Multi-resources

— Notions of minimum and maximum cumulated resource profiles

» The second one (Poder, Thesis 2002) (Poder et al., EJOR 2004): T_!_N_)

— Task made of a sequence of positive trapezoids ; one single resource
— Compulsory part (intersection of all feasible instances)

Results:
— Task made of a sequence of positive or negative trapezoid sub-tasks
— Multi-resources (more than one cumulative resource)
— Envelope (union of all feasible instances of a task)
— Minimum and maximum cumulated resource profile
(Sweep algorithm in O(p (log p + q))

where p is the total number of trapezoids and q the number of resources)
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Task model

Definition:

Atask T = (s, td, e, Seq, a) is defined by:
« a start s, an end e, a total duration td and a set a of possible
resource assignments

* a positive or negative piecewise linear resource function h represented by

a sequence Seq of p consecutive trapezoid sub-tasks ST,, ST,,..., ST,

where ST, has a start height sh., an end height eh;and a duration d..

resource function

h(?)

v — dom(v) = [ymin_ ymax]

CPAIORO7 - Brussels 4



Task model

Interest of the model:

* Allow to take into account variable resource functions which are
piecewise linear as well as multiple resources.

We consider a task and its sub-tasks as a whole.
=> no need to define relations of precedence between sub-tasks,

=> global reasoning may be applied to a task

resource function resource function
A A

time

> time

(A) (B)
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Task model

Difficulties of the model:

 All attributes of a task may be not fixed
e Multi-resources

» Sequence of trapezoid sub-tasks with variable durations where

their sum is equal to the duration of the task

* Trapezoid sub-tasks with positive heights and trapezoid

sub-tasks with negatives heights in a same task
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Task model

Notions of valley and of top:

tops
valleys tops
W P
Examples of tasks with valley(s) Examples of tasks without valley

LetH.={h, h,,..., h,,} = {sh, eh,, sh, eh,,..., sh, eh_ }
* h,€ H- (1< k< 2n)is a valley

iff3i(1<i=<k)suchthath, > h,and h,=h,=...=h,and h,<h,,,.
* h€ H-(1=k=<2n)is a fop
iff3/(1<i=<k)suchthath _,<h;and h,=h,,=...=h,and h > h,,,

(with the convention that h, = h,,,., = 0).
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Piecewise linear cumulative cumulatives pwl

Given :

e Tasks, a collection of Tasks T, T, ..., T, where T.=(s, td, e, Seq, a))

(start, total duration, end, Sequence of sub-tasks, assignment)
* Resources, a set of integers C,, C,, ..., Cq where C, is:
= The capacity of the resource k if Constraint ='<’

=  The minimum level to reach of the resource k if Constraint ==’

= Constraint, one of the constraint ‘<’ or ‘=’

The constraint cumulatives _pwli(Tasks, Resources, Constraint) holds iff:

Pi
1. " i=1”n,si+tdi=ei 2. Vi=1..n,Edj=l‘di
j=1
3. Case's : (Vk=1.q)(VtER) Y h, (=C,
ila;={k}
Case ‘=": (Vk = 1..q)(Vt € R/3i,t € [sl.,ei[) EhT,- (1) =C,
ila;={k}
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Compulsory Part and Envelope of a positive task

Definition: the compulsory part (CP) of a positive task is the
intersection of all its feasible instances (A. Lahrichi, 1979).

Non-empty compulsory part Empty compulsory part
d @
«—> «—>
[z mit T R
> —
s 5 = S

Definition: The envelope (Env) of a positive task is the union of all
its feasible instances.

< d >

I 7 .
/ l_}: Envelope
o
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Compulsory Part and Envelope of a positive task

st, St sty  St,
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Compulsory Part and Envelope of a positive task

-7l o~
St gz ST 5 3L >
I~~{ 7
[~ i~ ~ | \f | [max
~
N e 7610
o ————©
» time
< A CP(T)
B =S ) s P
7,
L 23 —1— time ///%
st, st, Sty sz, 8L, time
K3 €
CP(T) = Tmin(\ Tmax (\ LVT(T) Enw(T) = Tmin U Tmax U LTT(T)
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Compulsory Part and Envelope of a positive task

Complexities:

« Computation of T™n and Tmax: O(p) where p is the number of trapezoid sub-

tasks of T.

« Computation of LVT(T): O(p + v log v) where v is the number of valleys
of T and O(p) is there is no valley

« Computation of LTT(T): O(p + w log w) where w is the number of tops

of T.

Therefore O(p + v log v) for CP(T) and O(p + w log w) for Env(T)
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Minimum and maximum profiles of a task

If T is assigned to a resource then, on that resource,

the minimum profile mP(T) and the maximum profile verifie:

Nprry () = Nprs (D41 (@) = hepg (D + Ry . (1)

CP(T™) EnvV(T )( )

Otherwise on each resource where T may be assigned, they verifie:

(t) hEnv(T )( ) ) (t) hEnv(T )( )

Remarks:

(£) =0

« Forany t, we can’t have both hCP(T+)(t) =0 and h

«  Symmetry between minimum profile and maximum profile

Env(T ™)

*  One single common minimum profile for a non yet assigned task

« Mix envelope and compulsory part
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Minimum and maximum profiles of a task

Computation of the minimum profile:

1) we fix all heights at their minimum
2) we compute the compulsory part of T+ and the envelope of T-

Compulsory part of T* CP(T?*)

T 1234567 3
2 .
6 1 ’3,;
0 bed | ¢ N
»time
-1 1
)
\ T 21 23 456 78

s; € [1,2] 1 23 45 6 —*

>time

D - O = oW

Envelope of - ENV(T)
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Minimum and maximum profiles of a task

Computation of the minimum profile:

3) we combine the previous results to obtain the minimum profile

h (?) Hopy (O = hep® + hgym)y (0)
CP(T+) A
A . 3 1] 2 3 4 5 6 7 8§
3 1 2\ 3 4 5 6 8 )
2 >~ *e
¢ 1 1 *e
(| s 1 o | [28 33
*® > & »time
» |0 | >t -1 \)
-1 ) A\
2
< Case where T is
gy () assigned to a resource
3“ 1 23 45 6 7 8
2 <
—> | 1 bty (D = g1y (D)
0 . >t Al 23 456 78
-1 A 0 >time
2 NN

Case where T is
not yet assigned to a resource
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Minimum and maximum profiles of a task

Tasks and their feasible sub-sequences:

1 23 45 1 23 45
2 2 1 2 3 4 5 6 1 2 3 4 5 6 1 2
: : :
-1 1
) 1 _ I
0 0
1 1 -2
$,€[1,2]; a,€{1,2} s, € [1,2]; a, € {1} s; €10,3]; a; € {1} s, € [1,6];
a, € {1,2}

Minimum profiles mP of the four tasks on the resources r, et r,:

mP(T,) onr, and r, mP(T,) on r,

mP(T;) on r, mP(T,)onr,andr,
A

A A

1
L

#d 1 5 -
S < O

y r
“ D O

I,
() —

o]
J

2 p 4 5 6.7
4 D < O

C

0
-1

Y

e
-1 |

Env (not assigned) CP & Env (assigned) CP & Env (assigned)

Env (not assigned)
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Minimum and maximum cumulated resource profiles

Definition: The minimum cumulated profile of the resource r is such that

its resource function verifies for any t:

hmch(r)(t) = EhmP(Tl)(t)

T, /r€a;

Also, the maximum cumulated profile of the resource ris
such that its resource function verifies for any t:

CPAIORO7 - Brussels 21



Minimum and maximum cumulated resource profiles

Use of the minimum and maximum cumulated profiles:

- Detect as soon as possible infeasible schedule
i.e. schedule where:

either there exists t where the minimum cumulated profile
overflows the maximum resource capacity

or there exists t where the maximum cumulated profile
is below the minimum resource capacity

- Prune tasks to avoid infeasible schedules

Example of application:

Some tasks produce some resource and others consume it. We must
respect the minimum capacity (safety stock) and the maximum
capacity (storage capacity) of the resource.
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Minimum and maximum cumulated resource profiles

Minimum Profiles of tasks T,,T,,

T;and T, on resources 1 and 2:

Minimum cumulated profiles
of resources 1 and 2:

hmP(Tl)(t)
A
mP(T,) o2 ° 17 8. ) (1) = P (2) 4 (1) + P (2) + B (1)
a,={1,2} -1 e L 12345673
2
hmP(Tz)(t) 1
34 123 7 8 0 T Tt mcrP(ry)
2 -1 3
mP(T,) 1 2 )
a,= {1} 0 >t -3
-1
2
hmP(T3)(t) hmch(rz)(t) = hmP(Tl)(t) + hmP(T4)(t)
4
mP(T,) if 123 0"78 f 123 456 738
a, = {1} 0 0 -t 0 t mcrP(r,)
-1
fme(T4)(t) -2
1 2 3 4 5 ¢
mP(T,) 0 [N
ey |
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Sweep Algorithm for computing the cumulated profiles

Events generated from the sub-tasks of all mP or MP:

Each non-null trapezoid trap;=(st, sh;, et;, eh)) Example : events used for computing mcrP(r,)
sorted first by increasing order of date

of mP(T;) generates the two events:
then such that End is before Start:

<i,Start,stj,shj,slj)> and <i,End,etj," eh;," Slj>

e, = {1, End,6,1,0)
(\ hmP(T])(t) 4
_ch;—sh; A 12 3 45 § 73

et —st, 0 >t
J -1

e \ 4

/ e = (1,Start, 3,—1,0>
<l Start, st ; sh],slﬁEnd 2L ity l.>

e, = (4,End,8,1,0)

sh, ‘ l
J etj
S II
-sl; e, = (4,Start,1,-1,0)
event = task kind,date,height, slope e, =e =e,=¢,
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Sweep Algorithm for computing the cumulated profiles

Principle of construction of the profile with a sweep algorithm:

A vertical line moves from event to event (starts and ends of trapezoid sub-
tasks of min. and max. tasks profiles) and build the cumulated profile (min or
max) of the resource. Two structures are associated to these line:
— the status which contains the height sum_h and the slope sum s/ of
the cumulated profile at the current position 6.

/sum_s/

sum _h

A\ 4

0

— the events sorted in increasing order. They are of the form

event = <task,kind, date,height, slope>
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Sweep Algorithm for computing the cumulated profiles

Treatment of the event e = (task,kind,date, height,slope
if the vertical line changes of position date >6 (i.e. if date >0)

then (the vertical line changes of position)

- sum_p
1) we return, if not exceed the resource P i 5 ,
|= t _ .

capacity, the trapezoid sub-task: sum_h (date —0) sum_ p + sum_

A
7

(else we fail) 6  date

2) we update sum_h and é: sum h < h’; 6 <— date

In any case, we add the contribution of the event to height to the status :
sum_h < sum_h + e.height; sum_sl <= sum_sl = e.slope

Complexity for computing all the cumulated profiles:

O(p (log p + q)) where p is the total number of trapezoid sub-tasks and g the

number of resources
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Sweep Algorithm for computing the cumulated profiles

Example: computation of mch(rg) from mP( T1 ) and mP( Téx

“]l2345678t
v eZ=<1,End,6,l,O>
e, = (1,Start,3,-1,0) O‘T 12345 67 8:1‘
hmP(T4)(t) -1 I
Y 12 3 45 6 7 8 ;
-1
€y = <4,Start,l" 1,0> €4 = <4,End,8,1,0> hmch(rz)(t) = hmP(Tl)(t) + hmP(T4)(t)
A
0 123456723}{‘
4 : mcrP(r,)
P |

event = <task, kind,date,height, slope>
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Conclusion and Perspectives

Results:
« Realistic Model of task (continuous, prod/cons, multi-resources)

 Reasonable complexity to obtain the cumulated profile of a

resource

Observations:

 Envelope and compulsory part are dual

 Combine compulsory part and envelope (they don’t overlap each
other)

Perspectives:

* Pruning of tasks attributes (difficulties: non-overlapping and

overlapping of sets of deformable objects)
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