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Abstract. This article first introduces an extension of the classical cu-
mulative constraint: each task is no more a rectangle but rather a se-
quence of contiguous trapezoid sub-tasks with variable duration and
heights. The resource function is no more constant but is a positive
or negative piecewise linear function of time. Finally, a task is no more
pre-assigned to one resource, but to a task corresponds a set of possi-
ble resource assignments. In this context, this article provides an O(p -
(logp + q)) for computing all the cumulated resource profiles where ¢ is
the number of resources and p is the total number of trapezoid sub-tasks
of all the tasks.

1 Introduction

Most of the work in resource-constrained scheduling is dedicated to problems
dealing with tasks that use a constant amount of resource during their exe-
cution [3]. However, application fields handling continuously divisible resources
like water, oil or electric power, prompt at considering more complex resource
consumption or production profiles [8], [6], [11] and [7].

A first contribution of this article is a task model that unifies the two tasks
models introduced in [1] and [9]. Each task is no more a rectangle but rather a
sequence of contiguous trapezoid sub-tasks. The duration and heights of a trape-
zoid sub-task are variables over intervals and express a positive or a negative
linear resource function of time. Hence, a trapezoid sub-task has positive or neg-
ative variable heights and a positive variable duration. A task is non—preemptive,
needs for its execution to be assigned to exactly one resource, and to each task
corresponds a set of possible resource assignments. Finally, a task must start
during a given time interval (due, for instance, to a release date, or to the avail-
ability of the resource). Symmetrically, it must also finish during a given time
interval. Finally, The duration of each sub-task belongs to a specified intervals.

The main contribution is, for a given resource, an effective algorithm in O(p-
(logp + q)) for computing a lower and upper estimation of its final resource
profile where ¢ is the number of resources and p is the total number of trapezoid



sub-tasks of all the tasks. These two estimations will be respectively called the
minimum and mazimum cumulated resource’s profiles. The minimum resource
utilisation profile provides an easy way for checking that a given partial schedule
(i.e., a schedule where the tasks and sub-tasks variables are not yet all fixed) is
not feasible according to the fact that one should not exceed an overall given
resource limit. Similarly, the maximum resource utilisation profile allows to check
that one can effectively reach, at specific time intervals, a given level of minimum
resource utilisation. Moreover, these two profiles coincide when all the tasks are
completely fixed. The minimum resource utilisation profile is made up from the
sum of all minimum task’s profiles, where the minimum task’s profile represents,
for each time point, the smallest possible contribution of the task to a resource
profile.! For a given task T including possibly positive and negative heights, the
computation of its minimum task profile is more complex than just determining
a compulsory part [5]. In fact, we first fix the heights of each sub-tasks of T
to their minimum value and then consider separately its positive sub-tasks 7"
and its negative sub-tasks T~ . For the former, we compute its compulsory part
[9] (i.e., the intersection of all feasible schedules of T) and for the latter its
envelope (i.e., the union of all feasible schedules of T~) and recombine them.
Note that the method relies on the fact property the compulsory part of T and
envelope of T~ don’t overlap each other over time.?

The article is organised as follows: Section 2 introduces the piecewise linear
cumulatives_pwl constraint and the associated new task model. Section 3 presents
different possible contributions of a task to the utilisation of a resource: the
compulsory part, the envelope, and finally, the minimum and maximum task’s
profiles. Section 4 first defines, for each resource, its minimum and maximum
cumulated resource’s profiles. Then, it describes a sweep algorithm for computing
them from all minimum and maximum task’s profiles. All derived algorithms are
polynomial in the total number of trapezoid sub-tasks.

2 The piecewise linear cumulatives_pwl constraint

We consider a set of ¢ renewable resources where the k" resource has a maximum
capacity Cx > 0 and a set of n non—preemptive tasks. Each task needs for its
execution to be assigned to exactly one resource within a given subset (that
depends of the considered task) of the g resources. Finally, each task is composed
of a sequence of contiguous trapezoid sub-tasks which expresses a piecewise linear
function of resource requirement. Within this context, this section introduces the
task model as well as the corresponding constraint.

2.1 Task model

After introducing the task model used throughout this article, this section presents
the notion of feasible instance of a task as well as the notion of resource function.

! The maximum resource utilisation profile and the maximum task’s profile are defined
in a similar way.
2 The computation of the maximum task’s profile is similar.



Definition 1. A task T; is defined by a quintuple (st,,tdr,,er,,Seqr,,ar,)
where:

— The variables® st,, tdr, and er, represent respectively the start, the duration
and the end of task T;.

- Seqr, is a sequence of contiguous trapezoid of p; sub-tasks (TH T2, - LT
where the trapezoid sub-task Tij (i = 1.p;) is defined by a triple
(ShTij7dTij,€hTij) where the variables ShTij, dTij and ethj respectively rep-
resent the start height of Tij (i.e., the resource requirement at its start),

the duration of Tij and the end height of Tij (i.e., the resource require-
ment at its end). Moreover, we assume that (shT;- >0V shp < 0) and

(ehTJ >0V ehT7 < 0)* and finally that dTJ > 0.

— The variable aT, represents the resource assignment of task T; and takes its
value in a finite set of integer values dom(a)®.

sp, is called the release date (earliest starting time) while er, is the due date
(latest ending time) of T;. 57, and e, are respectively the latest starting time
and the earliest finishing time of T;.

Ezample 1. The fixed task T', defined by the quintuple

(s, td, e, Seq,a) = (1,7,8,((2,3,3), (3,1,1), (0,1, ~1), (0,1,0), (3,1,0)), 1)
starts at instant 1, has a total duration of 7 and ends at instant 8 and consists of 5
contiguous trapezoid sub-tasks. Moreover, T is assigned to resource 1 and its piecewise
linear resource function (resource requirement) hr is defined by: hr(t) = 1/3-(t—1)+2
fort € [1,4], hp(t) = =2-(t —4)+ 3 for t € [4,5[, hr(t) = —(t —5) for t € [5,6],
hr(t)=0forte [6,7[ and hr(t)=—2-(t—7)+2fort € [7,8[.

)

Definition 3 introduces the notion of fixed feasible task which is a fixed task’s
instance verifying the constraint E TJ =td € [tdy,.. tdr,]. For this purpose
we first introduce the notion of ﬁxed fea51b1e trapezoid sub-task.

Definition 2. Given a task T; defined by (st,,tdr,, er,, Seqr,, ar,) and a given
total duration td € [tdy, .. tdr,], a fixed feasible trapezoid sub-tasks sequence of
the task T; with total duration td is such that all the variables shq;, dpi, ehp;

(7 = 1..p) are fized within their respective range and satisfy Zle dpi = td.

Definition 3. Given a task T; defined by (st,,tdr,, er,, Seqr,, ar,) and given
Seq, a fized feasible trapezoid sub-tasks sequence of T;, a fixed feasible instance
of T; is such that sT, and er, are fized within their respective possible values and
Seqr, is fized to Seq. We note O, the set of all the fived feasible tasks of T;.

3 A variable v ranges over the interval of consecutive integer values [v, 7].
4 The signs of shTJ and shTJ are initially known.

5 Without loss of generahty all variables, except the resource assignment, could be
continuous variables.



Ezample 2. Throughout this article, we will consider the following example where
Tasks is the collection of the four tasks Ti, Ts, T3 and T4 defined as follows:

Ty = (1.2, 4.5, 5.6, ((1..2,2.3,2),(~1,2,-1)),  {1,2})

T, =(1.2, 6, 7.8, ((3,2,2),(-2,2,-1),(1,2,1)), 1

T3 = (0..3, 6, 6.9, ((1,2,2),(1,2,1),(1,2,0)), 1 )

Ty = (1.6, 2, 3.8, ((—1,2,-1)), {1,2})

All the starts and ends of tasks T to Ty are not fixed as well as the first trapezoid
sub-task of T1. 11 and Ty are not yet assigned. Figure 1 provides all the fixed feasible
trapezoid sub-task sequences associated to tasks 77 to T4. Observe that task 77 has
four feasible sequences (two of duration 4 (Seq, ; and Seq, 3) and two of duration 5
(Seq, 5 and Seq, ,)) while the other tasks have each only one feasible sequence. Finally,
Figure 2 provides the six fixed feasible task’s instances (I1,x (k = 1..6)) of T1.
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Fig. 1. Feasible trapezoid sub-tasks sequences of the tasks used throughout the article.

Definition 4. We note st;; the start of T/ (strp = st). To any

I € &, is associated a resource function hi(t) defined on [sr,,er,[ by:

Vite [sp,er,[,35 € {1,2,...,pi} such that t € [StTZ,StTij +dT{[' Then
eh,j—sh,_; eh j—sh_;

hi(t) = —5——+ (t - StTg) + Sh,Tij and sng = —4———= s the slope value of

7] T/
k2 k2

the trapezoid sub-task Tf If @7, is reduced to one instance (i.e., T; is fixed) then
we note hr, the resource function of T;.

Example 3. (continuation of Example 2) The feasible task’s instance I1,1 (see Figure
2) associated with T1 is (1,4,5,((1,2,2),(~1,2,-1)),{1,2}) = (1,4,5, Seq; ;,{1,2}).
Its resource function is defined by h;(t) =1/2-(t—1)+1for t € [1,3[, hr(t) = —1
for t € [3,5].

The next definition introduces the notion of non—negative and non—positive
task as well as the notion of positive, negative and null trapezoid sub-tasks.

Definition 5. A task T; is non—negative if the heights of each trapezoid sub-task
are non-negative (i.e., ¥V j = 1..p;, shp; > 0 and eh,; > 0) and is non-—positive if
the heights of each trapezoid sub-tasks are non—positive (i.e.,¥V j = 1..p, ETY <0

and JT; < 0). A trapezoid sub-task is positive if its two heights are non-negative

and not both null and is negative if its two heights are non-positive and not both
null. Otherwise the trapezoid is null (shy; = shp; = ehy = ehp; =0).
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Fig. 2. Fixed feasible instances of T1.

Ezample 4. (continuation of Example 3) T3 is a non—negative task while T} is a non—positive
task. T1 is a positive trapezoid sub-task while T2 is a negative trapezoid sub-task.

2.2 The piecewise linear cumulative cumulatives_pwl

The piecewise linear cumulative constraint has the form cumulatives_pwl( Tasks,
Resources, Constraint) where:

— Tasks is a collection of tasks (T1,T5, -+ ,T,) where the task T; (i = 1..n) is
defined by a quintuple (sr,,tdr,, er,, Seqr,, ar,).

— Resources is a set of ¢ integers Cy,Cy,- -+ ,Cy where C, > 0 (k = 1..q) is
the resource capacity of the k*" resource if Constraint ='<’ or the minimum
level of the k" resource if Constraint ='>' .

— Constraint® is the less or equal (i.e., <) or the greater or equal (i.e., >)
constraint.

The constraint cumulatives_pwl holds if the following conditions are true:

1. Vi=1.n, sy, +tdr, = er, (i.e., the end of a task is equal to the sum of its
start and its duration),”

2. Vi=1.n, ?": d; = tdr, (i.e., the total duration of a task is equal to the

sum of the durations of its trapezoid sub-tasks),

3. Case Constraint =' <': Vk =1.q), (Vt € R), Zi/an:{k} hr(t) < Cg
(i.e., for each resource k and for each instant ¢, the sum of the values taken
at ¢ by the resource functions that are assigned to the resource k, is less than
or equal to the capacity Cj, of the resource k).

Case Constraint =’ >' : (Vk = 1..q), (V¢ € IR such that 3T;/t € [sT,, er,]),
> iar =iy hr(t) < Cy (ie., for each resource k and for each instant ¢ such
that at least one task is executed at t, the sum of the values taken at t by

5 Observe that, currently, multiple execution modes for a task cannot be directly

defined within the cumulatives_pwl constraint.
" When sr,, tdr, and er, belong to specific intervals, none of them is redundant.



the resource functions of the tasks that are assigned to the resource k, is
greater than or equal to the minimum level Cy, of the resource k).

Ezample 5. (continuation of Example 2) The constraint cumulatives_pwl(
< (2? 4, 6, <(17 2, 2)7 (_17 2, _1)>7 2)7 (17 6,7, <(3> 2, 2)7 (_27 2, _1)7 (17 2, 1)>a 1)
(3, 6,9, ((1,2,2), (1,2,1), (1,2,0)), 1), (1, 2, 3, {(—1,2, —1)), 1) )
(2,2) , <) holds.

3 Minimum and maximum cumulated resource’s profiles

Given a resource r, this section shows how to compute its minimum (respectively
maximum) cumulated resource’s profiles for r. They are in fact determined by
cumulating all minimum (maximum) task’s profiles. For this purpose, we first
remind (3.1 and 3.2) some results, proved by [9], for computing the compul-
sory part of a task and then we extend them to the computation of the envelope
(3.3).8 Then, in 3.4, we explain how to use simultaneously the notions of compul-
sory part and envelope to compute the minimum and maximum task’s profiles.
Finally, in 4.1, we use the previous notions in order to compute the minimum
and maximum resource’s profiles for a given resource.

To compute the minimum task’s profiles of a given task 7', we first need to
introduce two specific instances of T' that are its earliest and its latest schedules.

3.1 Earliest and latest schedules of a task T

Let T™™ and T™% denote the earliest and the latest schedules of T and st;
and stp; (j = 1..p) respectively denote the starts of the trapezoid sub-task 79
in the schedules 7™ and T™%*. Poder et al. have shown in [9] how to compute
stp; and stp; with a complexity of O(p). To obtain 7™ the task T is started
at its earliest date sp; then, str1, strz,--- , strp are successively fixed as small
as possible with respect to the feasibility of the end of the task. The following
recursive formulae computes stp; (j =1..p+1):

itTl = §T and v] = 1"p7itTj+1 = max itTj +de’§T — ZZ:jJrl ETIC)
T™e is obtained in a similar way i.e.;:
stqn =57 and V j = 1..p, Strj+1 = min (ETJ' —i—ETj,ET — Zi:jJrl dT’C)

Observe that stpp,+1 = ep and stpp+1 = er.

3.2 Compulsory part of a non—negative task

The compulsory part was initially introduced by Lahrichi [5], for a rectangle task
as the intersection of all feasible schedules of the task. As the domains of the
variables of the task get more and more restricted, the compulsory part will

8 Within the context of a non—negative task, its compulsory part and its envelope can
be respectively interpreted as the lower and upper bounds of the task (i.e., at each
instant they provide the minimum and maximum heights of the task).



increase until becoming a schedule of the task. Within rectangle tasks, [4] use
the notion of compulsory part to tighten lower bounds for resource-constrained
scheduling problems, while [2] use the compulsory part in a set of propagation
rules to solve cumulative constraints.

Here, we consider a non—negative task 7'. Nevertheless, observe that computing
the compulsory part of a non—positive task is symmetric: in fact, if T is defined,
for any t, by hr(t) = —hq(t) then, for any t, hopr(t) = —hopr) (1)

Note that it is sufficient, in the computation of the compulsory part of T', to
consider only feasible instances of T" where heights are minimum. So in the
following, a task T has its heights fixed at their minimum.

Definition 6. The compulsory part CP(T) of a task T is not empty if and
only if 57 < ep. Its resource function hcpry satisfies for any t € [57,ep[
hepry(t) = infre o, (hi(t)) and hepery(t) = 0 elsewhere.

In order to compute the compulsory part of a task, we first need to introduce
the notion of valley in a sequence of trapezoid sub-tasks and the associated task
named the Level Valley Task.

Definition 7. Let HJ"™ = hihy---hayy = shpiehpishreaehrs - shypehp, be
the sequence of all start and end minimum heights of trapezoid sub-tasks of T.
An height hy, € H™™ (1 < k < 2p) defines an end of valley if and only if
35 (1 <j<k) such that hj_1 > hj and hj = hj11 = --- = hy and hy < hgy1
(a strict decrease in the resource function is followed by a strict increase).

Result 1 Let hjhj, - h;, be the possibly empty sub-sequence of HW™
of all heights of trapezoid sub-tasks of T that correspond to the ends
of the v walleys. Let LVT(T), called the Level Valley Task of T,
be the task defined for any t € Briep[ by  hpvrm(t) =

min <+oo, {hjksuch that t € [itTL%J+1’§TL%J+1 [})

Then, CP(T) = T™"NO\T™®\LVT(T) i.e., for any t € [S7,er],
hepry(t) = min (hpmin(t), hpmer (), hpyrery(t)) and is null elsewhere. If
T has no walley (v = 0) then, for any t €  [sp,ep[ hepr(t) =
min (Apmin (t), hpmae (t)).

Ezample 6. The left part of Figure 3 illustrates the computation of CP(T') where
T has two valleys (see Part (A)). They correspond to the start stz of T2 (hy =
shp2) and the end stps of T® (ho = ehps). Parts (A) and (B) give respectively
T™"™ and T™**. Then, Part (C) shows LVT(T) which is defined by hpyr(r)(t) =
+oo for [§T7ith [7 hLVT(T)(t) = hy for t € [itT27itT4 [, and hLVT(T)(t) = ho for
t € [stpa,str2[U[str2,er| (as h1 > h2). Finally, Part (D) shows the computation of
CP(T) as the intersection of T, T™% and LVT(T).

Complexity for computing the compulsory part. Within [9], Poder et
al. provide an algorithm for computing the compulsory part of a task, made of p
trapezoid sub-tasks and v > 0 valleys, in O(p+v-logv). In fact, T™™" and T™®



are computed in O(p) (i.e., the complexity for computing the two sequences st’
and st’ (j = 1..p+1)), LVT(T) is computed using a heap structure in O(v-log v).
Then, the intersection of T, T™ and LTT(T) is obtained, by scanning them
in parallel, in O(p+ v). Hence, a complexity of O(p+ v -logv) that is O(plogp).
If v = 0 the complexity is O(p).

3.3 Envelope of a non—negative task

The envelope of a task is the union of all feasible schedules of the task. As the
domains of the variables of the task get more and more restricted, the envelope
will decrease until it becomes a schedule of the task. In the context of mul-
tiple resources, a task has the same envelope on each resource where it may
be potentially assigned and an empty envelope elsewhere. Here, we consider a
non-negative task 7" and we compute its envelope Env(T). Nevertheless, ob-
serve that computing the envelope of a task where the heights of each trapezoid
sub-task are non—positive is symmetric. in fact, if T' is defined, for any ¢, by
hT(t) = —hT/ (t) then, for any t, hEnv(T’)(t) = _hEn’U(T) (t)

Definition 8. The envelope Env(T) of a task T is such that its resource func-

tion hppyry satisfies hpnory = supre o (hi(t)) for any t € [sp,er[ and
hEno(r)(t) = 0 elsewhere.

Note that it is sufficient, in the computation of the envelope of T, to consider
only feasible schedules of T" where the heights of each trapezoid sub-task are
fixed at their maximum. So, in this section, a task 7' has its heights fixed at
their maximum.

As we have introduced, for computing the compulsory part of a task, the
notion of valley in a sequence of trapezoid, we introduce now, for computing the
envelope, the notion of top and the associated task named the Level Top Task.

Definition 9. Let H?%* = hihy---hg, = shpiehpishpaehpe - shroehgs be
the sequence of all start and end mazximum heights of trapezoid sub-tasks of T.
A height hy € HP*(1 < k < 2p) defines an end of a top if and only if
3 (1 <j <k) such that hj_1 < hj and hj = hj41 = --- = hg and hy > hgy
with the convention that hg = hopy1 = 0.

Result 2 Let hj hj, - hj, be the sub-sequence of HT™* of all heights of T
that define a top. The Level Top Task LTT(T) of T is the task defined by:
Vte [sp,er],hpyrr)(t) = max (0, {hjk such that t € itTL%J+1’§TL%J+1 {})
(with the convention that st,1 = e). The envelope of T' is obtained by comput-
ing the union of T™™", T™% and LTT(T) i.e., hEnwery satisfies hgnr)(t) =
sup(hpmin (t), hpmas (t), hpprery(t)) for any t € [sp,er| and 0 elsewhere.

The demonstration of Result 2 is similar to the proof of Result 1 so is omitted.



Ezample 7. The right part of Figure 3 illustrates the computation of the envelope of a
task T that has three tops with heights h1 = shp1, ha = ehp2 and hs = ehpa (see part
(E)). They correspond to the start st = stp1 of the task, the end stps of the second
sub-task and the end er = stpsa of the task T. Parts (E) and (F) give respectively
7™ and T™*". Then, Part (G) shows LTT(T) that is defined by hrrrr(t) = hi
for t € [sp,57], hevrry(t) = ho for t € [stps,ep| (as he < hs on [er, stys[), and
hrvrry(t) = hs for t € [eg,er|. Finally, part (H) shows the computation of Env(T)
as the union of 7™ T™ and LTT(T).
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Fig. 3. Computation of the compulsory part and the envelope of a task.

Complexity for computing the envelope of a task. A task T has always
at least one top except if T satisfies V ¢, hp(t) = 0. The algorithm to compute
the envelope is similar to the one given for the computation of the compulsory
part. So it has a complexity of O(p + w - logw) that is O(plogp).

3.4 Minimum and maximum task’s profiles of any task T

We now explain how to compute the minimum and maximum task’s profiles of
a task T'. Let us first introduce this two notions formally.

Definition 10. Let mP(T) (resp. MP(T)) denote the minimum (Tesp. max-
imum) task’s profile of the task T. Its resource function hy,,pcr) (resp. harp(r)
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satisfies, for any t € [sp,erl, hunpery(t) = infre op(hi(8)) (resp. hagper)(£) =
supre o (hi(t)).

Note that it is enough, in the computation of mP(T) (resp. MP(T)) to
consider only feasible schedules where all trapezoid’s heights of T are fixed at
their minimum (resp. maximum).

Assume now that heights of T" are fixed. Then, let Tt (resp. T~ ) denote the
task made from T by replacing each negative (resp. positive) trapezoid sub-task
TJ of T by a null trapezoid sub-task and same duration as the replaced trapezoid
sub-task (we merge consecutive null sub-tasks in a single sub-task).

The next result expresses the resource function of the minimum (resp. max-
imum) task’s profile of a task T" according to the resource functions of the com-
pulsory part of 7" (resp. T~) and of the enveloppe of T~ (resp. T™).

Result 3 Let t be a given time point.
If T is assigned to a resource then, on that resource

{ hnp(r)(t) = hopr+)(t) + hpno@-) (1),
harpr)(t) = hopr—)(t) + hpnor+) ().

else, on each resource where T may be assigned

{ hmP(T) (t) = hEn'u(T*) (t)7
harp(r)(t) = hgno+)(t).

Moreover, for any t, we can’t have neither both hcpr+)(t) # 0 and
hEnv(T*)(t) 7é 0 nor both hEnv(T*)(t) 7é 0 and hcp(T—)(t) 7& 0.

Proof. of Result 3

As the definitions of mP(T) and M P(T) are symetric, we only prove the
result for mP(T). Note that, by definition of 7T and T, for any instance
I € &, the associated instances I and I~ are such that h+ () = max (0, hy(t))
and h;-(t) = min(0,h;(t)). Therefore hopr+)(t) = infre ¢, (hr+(t)) and
heno(r-)(t) = infre or (hr- (1))

We distinguish two cases: V I € &g, hr(t) > 0 (1) and its contrary
31 e Dr/hi(t) <0 (2). In the former case, V I € Pp,hi(t) = hy+(t). Then
infre ¢, (h](t)) = infre ¢, (h1+(t)) > 0. ie., hmP(T)(t) = hcp(T+)(t) > 0.
Moreover, ¥V I € @p,h;-(t) = 0 50 hgpyr-)(t) = 0. In the latter case
infle P (h](t)) = infje &r (h[— (t)) > 0. i.e., hmp(T)(t) = hEm;(T—)(t)~ More-
over, infre ¢, (hy+(t)) = 01ie hepr+)(t) = 0.

We have proved that we can’t have both hep(p+)(t) # 0 and hgy,(r-)(t) # 0
(by definition hCP(T*)(t) > 0 and hEnv(T*)(t) < 0) and that if hCP(T+)(t) >0
then Ay, p(7)(t) = hopr+)(t) else huy,pr)(t) = hpnor-)(t).- O

Complexity for computing the minimum and maximum profiles.
From Result 3 and as the complexity for computing a compulsory part or an
envelope is O(plogp) then the complexity for computing the minimum or the
maximum profile is also O(plogp).
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Ezample 8. (continuation of Example 2) As 71 and T4y may be assigned to resources
1 and 2 (ar, = ar, = {1,2}), only envelopes are taken into account so hpp(r) =
hEm)(T;> and hy,p(1y) = henoery) (T4 = Ta as Ty is non—positive). As T and T3 are
assigned to resource 1 (ap, = ar, = {1}), compulsory parts and envelopes are taken
into account so Ay, p(1,) = hCP(T;r) + hEm(T;) and hp,p(1y) = hop(my) (T3+ = T3 and
T; = 0 as Ts is non—negative). Parts (A) to (D) of Figure 4 respectively give mP(T1),
mP(T2), mP(T3) and mP(Ty). Finally, the following table summarises the different
profiles (a trapezoid sub-task is encoded by (start, startheight, end, endheight)).

[T:; ar, [ CP(T]) [ Env(T,) [ mP(T;) |
Ti;ar, = {1,2} (2,1,3,3/2) (3,—1,6,—1) Env(T])
Toiar, =1 (2,5/2,3,2), (6,1,7,1)[(3, =2, 4, —2), (4, —2,6, —1)|[CP(Ty ) U Env(T; )
Ts;ar, =1 (3,1,4,1),(4,1,2,6,0) [] CP(T3)
Ty;ar, = {1,2} [] (1,-1,8,—1) Env(Ty)

4 Computing all the minimum and maximum cumulated
resource’s profiles using a sweep algorithm

This section first defines the notions of minimum and maximum cumulated re-
source’s profiles. Then it describes a polynomial (according to the number of
sub-tasks and of resources) sweep algorithm to compute, for each resource r its
minimum cumulated resource’s profile mer P(r). These profile is computed from
all minimum task’s profiles mP(T;) i = 1..n of the cumulatives_pwl constraints.

4.1 Minimum and maximum cumulated resource’s profiles

We now show how to compute the minimum and maximum cumulated resource’s
profiles from the minimum and the maximum task’s profiles.

Definition 11. Let r be a resource and merP(r) (resp. MerP(r)) denotes the
minimum (resp. maximum) cumulated profile of resource r by all the tasks.
Then, for any t, hpmerpy(t) = 2o /pe ar, homp(r)(t) (resp. haserpry(t) =
DT e ar, harpery(t)).

As the domains of the variables of all tasks are progressively reduced (until
becoming completely fixed), merP(r) and MerP(r) respectively increases and
decreases (until becoming a same single profile). From now on, as merP(r) and
MerP(r) have similar definitions, we focus on the computation of merP(r)

Example 9. (continuation of Example 8) Parts (E) and (F) of Figure 4 and the fol-
lowing table provide mcrP(1) and merP(2) (hmerp1) = Z?:I hmp(r,) and Aperp(2) =
Rmp(ry) + hmp(Ty))

7] Trapezoid sub-tasks of mrP(r) |

1(1,-1,2, 1), (2,3/2,3,1), (3,-3,4,-3), (4,-3,6,-3), (6,0,7,0), (7, -1,8, 1)
2] (1,-1,3,-1), (3,-2,6,-2), (6,—1,8, —1)

l
l
l




12

th(Tl) = hEnv(Tl') th(Tl) hEnV(Tl')
A 1 2 3 4 5 6 7 8 . 1 2 3 4 5 6 7 8 _.
(R) 0 . . —1I‘0 —>Time (A) 0 ‘ ‘ o >Time
a Lo | N 177\77\
+
h + + h - +
RN SR th(T4) - hEnv(T4>
| | | |
A A1 2 3 4 5 6 7 8 ..
| | | (D)
_L_ _1 1l
(B) 4 5 ilD 8 nine
-1 | | =
4y
[ Nigep2)= h”P(T1)+ th(T4)
T 1 2 4
+ 0* 3 5 6 7 Time
h =h }-1
mP(T3) CP(T3) I — =2 !
© - a- — - T (F)_z R .
I ‘ L0
0 L > Time I I I |
1 2 3 4 5 61 7 JEEY E S S SR S B
+
th(T4) = MEnv(T,)
0} 12 3 4 5 6 7 8 ..
1l -
5 1 3 6 8
= sum_sl2 0 0 0 0
Mrerecn)= Mopcry) Hner,) ¥Bmery) Hinery) | sum_hy | -1 2 -1 0
ISZf*\*ﬂ*T—r‘r**T*W . S~ T~
SR AR U B S B merP2) | (1,-1,3,-1) (3,-2,6,-2) (6,-1,8,1
1 ‘ ’\ e T ( ) ( ) | )
(B o+ 2 1B 4 5 60 T8, rime e, =1, Start, 3,-1,0 ), e,=(1, End, 6, 1,0)
1l B B e;=(2, Start, 1,-1,0), ¢,=(2, End, 8,1,0))
Lo -3 I
2 —|— — 4 — —_
o 1 ©
3L ' o

Fig. 4. Computation of merP(1) and merP(2)

4.2 Sweep algorithm

To compute mcrP(r), for a given resource 7, we have extended the sweep algo-
rithm presented in [1] in order to handle trapezoid sub-tasks. A general intro-
duction on sweep is given in [10] and an example of use of sweep, within the
context of disjunctive scheduling, is provided in [12].

The extended sweep algorithm moves a vertical line A from one event to
the next event - in our context, an event corresponds to a start or an end of a
trapezoid sub-task of mP(T;) (i = 1.n;r € ar,) - on the time axis and builds
mer P(r) incrementally. It uses two data structures:

— The first one, called the sweep line status, contains for the resource r some
information related to the current position § of the vertical line A: sum_h,.
and sum_sl,., respectively the height and the slope of merP(r) at position 4.

— The second data structure, called the event points series, contains the events
associated with the trapezoid sub-tasks used for building merP(r) (namely
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the trapezoid sub-tasks of mP(T;) such that T; may be assigned to r (see
Result 3 and Definition 11). We encode these events by using the following
fields: (task, kind, date, height, slope), where:

e task indicates which task generates the event.

e kind expresses whether the event corresponds to the start (kind = Start)
or to the end (kind = End) of trapezoid that has generated this event.

e date specifies the location in time of the event i.e., contains, if kind =
Start, the start of the trapezoid otherwise its end.

e height gives the quantity to add to sum_h,.. It contains, if kind = Start,
the height of the trapezoid at its start otherwise it contains the opposite
of the height at its ends.

e slope gives the quantity to add to sum_sl,.. It contains, if kind = Start,
the slope of the trapezoid otherwise it contains the opposite of its slope.

Each non—null sub-task mP(T;)? ? of mP(T;) generates the pair of events:
(i, Start, sty p(1,)i s Shinp(1,) s Slmp(1,)3)
(i, End, ety p(1y)i, —€hmp(1,)is —Slmp(T,)3)

e Nj—8 \d
where SlmP(Ti)j = mP('ld"l)J mP(T;)J )

mP(T;)J

All the events are initially computed and sorted (by Main_Algorithm), in the
list Leyents, in increasing lexicographically order according to the pair (kind, date)
where kind = end is considered to be less than kind = start. Observe that one
event participates to the construction of all merP(r) such that r € ar,.

sum_h, and sum_sl, are initially set to 0 (line 1 of SA) and § to the date of
the first event, associated to a task T; such that r € ar,, on the time axis (line
3 of SA). When the current position of A changes (line 5) from dy to dx41, the
sweep algorithm:

— First computes the k" trapezoid sub-task merP(r)* of merP(r) (line 6).

— Then (line 7) verifies that mer P(r)* do not exceed the resource capacity C,.,
otherwise the constraint has no solution.

— Then sum_h, takes the value of the end height of the previous returned
trapezoid sub-task (merP(r)*) and § is updated to §x11 (line 9).

In any case all the contributions (heights and slopes) of sub-tasks that start or
end at i1 are taken into account in sum-_h, and sum_si, (line 10).

Ezample 10. (continuation of Example 8) The sub-task (3,—1,6,—1) of mP(T1)
generates the pair of events (ex = (1,Start,3,—1,0), e2 = (1,End,6,1,0)) while
the trapezoid sub-task (1,—1,8,—1) of mP(74) generates the pair of events (e3 =
(4, Start, 1, —1,0),e4 = (4, End, 8,1,0)). The sorted relevant events of Leyents for com-
puting merP(2) from mP(T1) and mP(Ty) are (es,e1,ez2,eq). When e; becomes the
current event then, the sweep line moves from position 1 to 3: the algorithm first com-
putes the 1°* trapezoid sub-task (1, —1,3, —1) of merP(2) (see Figure 4 Parts (F) and
(G)). Then the sweep line status is updated: sum_h, < —1 and 0 < 3. Finally, the
contribution of e; is added to sum_h, which decreases from —1 to to —2 and to sum_sl,
which doesn’t change.

S mP(T;) = (Stinp(1;)i s Shinp(1y)i » Emp(1;)i s €Rmp(1;)i ) (Start, startheight, end, end-
height) denote the j** trapezoid sub-task of the profiles mP(T}).
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Sweep_Algorithm (SA) -  Compute mcrP(r) for a given resource r
In: The list Leyents of all sorted events (task, kind, date, height, slope) and a resource r.
Out: Fail if merP(r) exceed the resource capacity C,; Otherwise Delay.

ok «— 1; sum_h, — 0; sum_sl, < 0;

Extract, if it exists, the first event e from Leyents such that r € ar, ,,..;
d «— e.date;

while e is defined do

| if e.date # § then /* A has just move: Compute the k" trapezoid of merP(r) */

| | st 0;sh «— sum_h,;d «— e.date — §; eh — sum_sl, x (e.date — &) + sum_h,;
| | if sh > CrVeh > C, then return Fail; /* mcrP(r)* exceeds C,. */

| | merP(r)* — (st,sh,e.date,eh); k — k + 1;

| | sum_h, < eh;d§ «— e.date; /* Update sum_h,. and § */

| sum_h, — sum_h, + e.height; sum_sl, — sum_sl, + e.slope;

| Extract, if it exists, the next event e from Leyents such that r € ar,
return Delay;

NSO RN

[ur—
How

.task!

—
N

Main_Algorithm (MA) - Compute all merP
In: The tasks T; (¢ = 1..n); Out: Fail if there is no solution otherwise return Delay.
Levents — @v
for i =1 to n do /* For all the tasks */
| Compute mP(T;);
| for j =1 to ||mP(T;)| do /* Generate mP-events */
| | if (Sh,"LP<Ti)j #0V eh,,np(Ti)j # 0) then /*ie., not a null sub-task */
| | | sl=(ehmp(r,)i = Shmp(r,)i)/dmp(r,)s;
| | | Add (i, Start, st,,, p(r,)i » Shmp(r;)i> 1) 10 Levents;
| | | Add <i7End,€th(Ti)j,_ehmp(Ti)j,_5l> t0 Levents;
Sort Leyents in increasing lexicographically order according to (date, kind);
for r = 1 to g do if Sweep_Algorithm(Lcyents, ) = Fail then return Fail;
return Delay;

PO NaO Wb

[Er—

The next result gives the complexities for computing all the minimum cumu-
lated resource’s profiles using a sweep algorithm.

Result 4 The complexities for computing all the minimum cumulated resource’s
profiles using a sweep algorithm is O(p - (logp + q)) where q is the number of
resources, p = Z;;l(pi) 1s the total number of trapezoid sub-tasks of the n tasks.

Proof. of Result 4. The complexity for computing (see 3.4) all the mP(T;) and
generating all the events is of O (3_7"_; (p; log p;)). The complexity for sorting the
at most 2-p+n events, using a sort algorithm with a complexity in O(plog p), is
O(plogp). Finally, for each resource r, the Sweep_Algorithm computes mer P(r)

in O(p) (in the worst case). Therefore, we obtain a complexity in the worst case
of O (327 (pilogpi) +p-logp+ 3L, p) ie., O(p- (logp + q))- O
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Conclusion

We have introduced a new task model that takes advantages of two models: in the
first one, several resources could be handled, but only a constant consumption
or production of resource could be expressed. In the second one, only positive
piecewise linear resource functions and a single resource were considered. For
this new task model, we came up with a polynomial algorithm to compute, for
each resource, its minimum and maximum cumulated resource’s profiles.
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