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Abstract

Within the framework of continuous and multi-
resources cumulative constraints, a task 7' expresses a
piecewise linear resource function and is represented
by a sequence of p contiguous trapezoid sub-tasks with
variable durations and heights. In this context, this pa-
per provides an algorithm in O(p) for filtering the re-
source assignment and the temporal attributes of such
a task, according to a trapezoid of a minimum cumu-
lated resource profile, in order to avoid an overflow of
the resource capacity.

Introduction

The vast majority of existing models concerning resource-
constrained scheduling deal with tasks (activities) that
consume or produce a constant amount of resource dur-
ing their execution (Herroelen, Demeulemeester and De
Reyck, 1998). But tasks that consume or produce re-
source in a continuous way are ubiquitous in applications
areas such as electricity or chemical production (Muscet-
tola 2002), (Sourd and Rogerie 2005) and (Maravelias and
Grossmann 2004).

Recently, in (Beldiceanu and Poder 2007) we have ex-
tended the task model proposed in (Poder, Beldiceanu and
Sanlaville 2004) for modelling piecewise linear consump-
tions or productions and introduced the corresponding cu-
mulatives_pwl constraint: a task is represented by a sequence
of contiguous trapezoid sub-tasks with variable durations
and heights (positive or negative) and to a task corresponds
a set of possible resource assignments. They have given a
sweep algorithm to compute for each resource its minimum
and maximum cumulated resource’s profile.

In this paper, we focus on the central sub-problem of fil-
tering the resource assignment and the temporal attributes
(start, duration, end of a task and duration of its sub-tasks)
of a task according to one trapezoid of a minimum cumu-
lated resource profile in order to avoid an overflow of the
resource capacity. This filtering is absolutely required for
implementing the cumulatives_pwl (Beldiceanu and Poder
2007) or the cumulative_trapeze (CHIP 2001) (Poder 2002)
constraints and no result about filtering a sequence of trape-
zoid sub-tasks has been yet published. The main challenge
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comes from the fact that all attributes of a task are variable.
This filtering may be done while computing, with the sweep
algorithm and for a given resource, the successive trapezoids
building its minimum cumulated resource profile.

In this paper, we first recall the cumulatives_pwl constraint
and the notion of minimum cumulated resource’s profile.
Then, we give the main applications of this constraint and
we describe the contribution of this paper that is, given a task
and a trapezoid of a minimum cumulated resource’s profile,
how to filter the task’s attributes according to this trapezoid
in order to avoid an overflow of the resource’s capacity.! Fi-
nally, we conclude.

Background

We consider a set of ¢ resources where the k" resource has
a maximum capacity C > 0 and a set of n non—preemptive
tasks. Each task needs for its execution to be assigned to
exactly one resource within a given subset (that depends on
the considered task) of the ¢ resources. Finally, each task is
composed of a sequence of contiguous trapezoid sub-tasks
which expresses a piecewise linear function of resource.

Definition 1 A rask T, is defined by the quintuple
(s1;,tdr,, er,, Seqr,, ar,) where:

e The variables® st,, tdr,, and er, represent respectively
the start, the total duration and the end of task T;;.

° SeqTi is a sequence of p; contiguous trapezoid sub-
tasks (T}, T?,--- , TF") where T/ is defined by the
triple (ShTij,dTij , ehTij) which represents its start height
(i.e., the resource requirement at its start), duration and
end height (i.e., the resource requirement at its end). An
height may be positive or negative. Moreover, dr; > 0

and w.l.o.g., we assume that the two heights of a sub-tasks
have the same signs.

'Tn the context of both non negative heights and one single re-
source, a detailed version of the filtering of each attribute of a task
(start, total duration, end) and of its sub-tasks (duration, heights) is
available in (Poder 2002)).

2A variable v may range over the interval of consecutive integer
[v..D] or over the rational interval [v,D]. The results given in this
paper may be used in the two cases. [a, b] (resp. [a, b[) denotes the
rational interval between a and b included (resp. b not included).



o The variable ar, represents the resource assignment of
task 'T; and takes its value in a finite set of integer values.

sr, is called the release date (earliest starting time), er,
the due date (latest ending time), and [s, , €r, [ the time win-
dow of the task T;. s7;, and e, are respectively the latest
starting time and the earliest finishing time of T;.

Resource function

Figure 1: Example of fixed task

Example 1 Figure 1 illustrates a fixed task T de-
fined by the quintuple (sr,tdr,er,Seqr,ar) =
(1,7,8,{((2,3,3),(3,1,1),(0,1,-1),(0,1,0),(2,1,0)), 1).
T is made of 5 contiguous trapezoid sub-tasks and is
assigned to resource 1.

Definition 2 The piecewise linear cumulative constraint
has the form camulatives_pwl( Tasks, Resources) where:

o Tasks is a collection of tasks (T1,Ts,--- ,T,) where
the task T; (i = 1..n) is defined by a quintuple
(s1,,tdr,, er,, Seqr,, ar,).

o Resources is a set of q integers C1,Cs,--- ,Cy where

Cy > 0(k = 1..q) is the resource capacity of resource k.

Let hr,(t) denote the resource’s consumption of task T; at
instant t. The constraint cumulatives_pwl holds if the fol-
lowing conditions are true:

1. Vi = 1., s, +tdr, = e, (i.e., the end of a task is
equal to the sum of its start and its total duration),

2. Vi=1.n, ;”‘:1 d; = tdr, (i.e., the total duration of a

task is equal to the sum of the durations of its trapezoid),
3 Vk=1.9),(Vte R)>. _phr,(t) < Cy (ie., for

i/aTi =
each resource k and for each instant t, the cumulated con-
sumptions of resource k, at instant t, of all the tasks as-

signed to the resource k, is less than or equal to Cy,).

Definition 3 A feasible sequence of the sub-tasks of a task
is such that all the durations and heights of those sub-tasks
are fixed within their respective possible values and satisfy
the constraint 2. of Definition 2.

A feasible schedule of a task is such that all its attributes are
fixed within their respective possible values and satisfy the
constraints 1. and 2. of Definition 2.

Example 2 Throughout this paper, we will consider the
following example where Tasks is the collection of the four
tasks T, Ts, T and Ty defined as follows:

Ty = (1..2,4.5,5..6,  ((1..2,2..3,2),(—1,2, —1)), {1,2})
Ty = (1..2,6,7..8, ((3,2,2),(=2,2,-1),(1,2,1)), 1 )
Ty = (0..3,6,6..9, ((1,2,2), (1,2, 1), (1, 2,0)), 1)
Ty, = (1..6,2,3..8, (1,2, =1)), {1,2})

For instance, Ty starts within [1..2], has a total duration
within [4..5] and ends within [5..6]. Its first sub-task has
a start height within [1..2], a duration within [2..3] and a
fixed end height. Its second one is fixed. Finally, T\ may
be assigned to resources 1 or 2. Part (I) of Fig. 2 depicts
the four feasible sequences of the sub-tasks of T1 (two of
duration 4 and two of duration 5). As all sub-tasks of Ts, Ts
and Ty are fixed, those sub-tasks have each only one feasible
sequence that are respectively depicted in Part (I) of Fig. 2.

We now present the notions due to (Beldiceanu and Poder
2007) of minimum profile mP(T') of a task T and of min-
imum cumulated resource’s profile merP(r) of a resource
r. The former profile represents, for each time point, the
smallest possible contribution of a task 7’ to all the resources
where T may be assigned. The latter profile, represents for
each time point, the smallest possible contribution of all the
tasks to the resource r. As we are interested by the smallest
possible contribution of a task to all the resources where this
task may be assigned:

e It is sufficient to consider that all heights of sub-tasks are
fixed at their minimum respective value.

e A positive sub-task (i.e., its two heights are non—negative
and not both null) of a task 7" is taken into account for the
computation of mP(T) if and only if T is assigned to a
resource.

e A negative sub-task (i.e., its two heights are non—positive
and not both null) of a task 7" is always taken into account
for the computation of mP(T).

Note that a task where all its sub-tasks are positive (resp.
negative) is said to be positive (resp. negative).

Definition 4 The minimum profile mP(T;) of a task
T; is such that its resource function h,,p(r,) verifies :
Vt, hyp(r)(t) = infrea(r,) hi(t) where ®(T;) is the set
of all the feasible schedules of task T;.

The minimum cumulated profile merP(r) of a resource
r is such that its resource function hp,c.p() verifies :

Vt, hmch(T)(t) = ZTi/TE(lTi hmP(T,i)(t)-

In (Beldiceanu and Poder 2007), we explain how to com-
pute, using a sweep algorithm, the minimum cumulated pro-
files® of the ¢ resources in O(p.(logp + q)) where p =
>, p; is the total number of trapezoid sub-tasks of the
n tasks.

Example 3 (continuation of example 2) For the tasks T} to
Ty, Fig. 2 illustrates in part (II) on the first line the tasks
(with their heights fixed at their minimum) at their earliest
and latest schedules, on the second line, their minimum pro-
file when they are not yet assigned to a resource (only nega-
tive trapezoids of tasks are taken into account for the compu-
tation of the minimum profiles) and finally, on the third line
their minimum profile when they are assigned to a resource
(both positive and negative trapezoids of tasks are taken into
account for the computation of the minimum profiles). Fig.

3The exact profiles if the starts, durations and ends of all the
tasks are rational variables and a lower approximation of this pro-
file if they are integer variables.



2 illustrates in part (IlI) the minimum cumulated profiles of
resources 1 and 2 when Ty and Ty may be assignd to the
two resources (i.e., ar, = ar, = {1,2}) and T» and T5 are
assigned to the resource 1 (i.e., ar, = ar, = {1}).

Main uses of the piecewise linear cumulative
constraint

The piecewise linear cumulative constraint can be used :

e For multi-resources scheduling problem: Fig.3 shows a
cumulative scheduling of the four tasks of Example 2
where the two resource capacities are equal to 2. An in-
terpretation is, for instance, that a positive task represents
a consumption over time of the resource where this task is
assigned and that a negative task allows to increase locally
the capacity of the renewable resource where this task is
assigned.

Note that, if some tasks are optional, then we introduce
an extra dummy resource with a huge capacity. Discarded
tasks would be assigned to this dummy resource.
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Figure 3: Example of Scheduling of the four tasks 77 to Ty

e For producer/consumer problem: Given some activities
that produce a resource and others that consume that re-
source, the problem is on one hand to schedule those ac-
tivities and on the other hand to determine the produced
and the consumed quantities in order that, at any time
the available resource (stock i.e., what has been already
produced minus what has been already consumed) is not
negative. Some initial stock may exist. Moreover the pro-
duction may be discrete (available at a given time point)
or continuous (available as it is produced over a period
of time). Similarly, the consumption may be discrete (re-
quired at a given time point) or continuous (required as it
is consumed over a period of time)

The initial stock and the activities that produce the re-
source are represented by negative tasks and the activi-
ties that consume the resource are represented by positive
tasks. Moreover, the capacity of the resource is equal to
Zero.

Fig. 4 illustrates examples of activities and their associ-
ated tasks (for the cumulative_pwl constraint), that pro-
duce or consume, over a period [0, H[, a resource in a
discrete and in a continuous way. Part (A) shows on the
first line an activity that produces the quantities ¢; and g2
at times ¢; and ?o and its associated negative task made
of two rectangle tasks and, on the second line, an activ-
ity that produces the quantities g3 and g4 over the pe-
riods [t3, ¢4 and [t4,t5] and its associated negative task

made of two trapezoid sub-tasks (production periods) and
two rectangle sub-tasks (idle periods). Similarly, Part (B)
shows, on the first line, an activity that consume the quan-
tities g3 and g4 at times tg and ¢7 and its associated pos-
itive task made of two rectangle tasks and, on the second
line an activity that produces the quantities g5 and gg over
the periods [ts, to[ and [t10,t11[ and its associated posi-
tive task made of two trapezoid sub-tasks (consumption
periods) and two rectangle sub-tasks (idle periods). Note
that an initial stock of quantity go would be represented
by a rectangle over all the scheduling [0, H[ with height
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Figure 4: Producer/Consumer problem

Filtering a task according to a minimum
cumulated resource’s profile

Given a resource r, the sweep algorithm presented in (1)
computes trapezoid after trapezoid the minimum cumulated
resource profile mcrP(r) of this resource. In the rest of
the paper, we consider such a current computed trapezoid
trap, and we explain how to filter each task 7; - that both
is (i.e., ap, = {r}) or may be assigned (i.e., r € ar,) to
this resource and whose time windows [sr. , @7, | intersects
the support (time window) of this trapezoid - according to
trap, in order not to exceed the capacity C,.. The heights
of the sub-tasks of 7; are fixed at their respective minimum
value.

We use the following notations:

® stp; (resp. etr;) j = 1..p; denotes the start (resp. the
end) of the j*" sub-task of 7. Note that et = Stpj+1.

The interval [st..;, st ]| of st.; is determined while com-
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Figure 2: Feasible Sequences, minimum profiles and minimum cumulated resource’s profiles

puting mer P(r).*

e Each trapezoid of mcrP(r), of mP(T;) or of
a sub-task 7Y is represented by a quadruple
(start, startheight, end, endheight).

e trap, = (st,sh,et,eh) denotes the current computed
trapezoid of mcrP(r). Its support is [st, et[. Note that
st,sh,et,eh € @ and that trap, does not exceed the
capacity C,..

e If mP(T;) has a non-null contribution registered within

“*Recursive formulae for computing stTJ and stT] in O(p;) are
given in (Poder, Beldiceanu and Sanlaville 2004): sly1 = st
str1 = 351;, Slppt1 = eq,, Slypr1 = €r; and forall j = 1..p;:
Sty = max(styy +dpi e, — 20 ETik)v

of — in(st  —d . & p
StTiJ+1 = mln(stTig +dTiJ,eTi _Zk:j+1 dek)

trap, then (st,h.,p(r;)(st), et, hyper,)(et))’ denotes
this contribution.

e trap,/mP(T;) denotes the trapezoid trap, where the
contribution of mP(T;) has been removed i.e., the trape-
zoid (st, sh — hp,p(1,)(st), et,eh — hy,per,)(et)). Note
that if mP(T;) has a negative contrlbutlon registered
within trap, then trap,/mP(T;) may exceed the re-
source capacity. In that case, T; must be assigned to re-
source 7.

Filtering of the resource assignment ar, of task 7;

If T; may be assigned to the resource r then we filter the
resource assignment of 7; according to trap, and C,. We

’If we assume w.lo.g., that during the construction of
mer P(r), adjacent trapezoids of mcr P(r) with same slopes and
same adjacent heights are not merged, there exists at most one
trapezoid of m P(T;) whose support contains [st, et|.



distinguish two cases:

e T; has a known contribution already registered within
trap,: By definition of merP(r), as T; is not yet as-
signed to a resource, this contribution comes from one
single negative trapezoid of mP(T;). If this contribution
is absolutely required to avoid an overflow of the capacity
C., (i.e., if its removal leads to an overflow) then we as-
sign T; to r and enforce the time window of 7T; to include
the support of ¢rap, i.e., we filter str, and ety 80 as to

str, < stand et < et

o There exists no registered contribution of 7; within trap,.:
Remind that as T; is not assigned to a resource, mP(T;)
is built only from negative trapezoids of T;. Let mP*(T;)
denote the minimum profile of 7; if T; was assigned to
the resource . mP(T;) is built from positive and nega-
tive trapezoid of T;. If there exists at least one positive
trapezoid of mP*(T;) whose addition® to trap, leads to
an overflow of C,. then we remove r from ar,.

Example 4 (continuation of Ex. 3) Let us now consider re-
source 1 with a capacity C1 = 2 and trap = (2,3/2,3,1)
(see Part (IIl) of Fig. 2). Only tasks Ty and T, are not yet
assigned to one of the resource (i.e., ap, = ar, = {1,2}).
Moreover their time windows intersect the support of trap
(e, [sp,,er,[ N [2,3[# 0,i = 1..2). So we filter ar, and
ar, according to trap and Cy:

o Ty has no contribution registered within trap. The addi-
tion of (2,1, 3,1/2) (see the third line of Fig. 2 Part (II))
to trap leads to an overflow at time 2 (this addition gives
an height of 3/2 + 1 > 2). So we remove 1 from ar, and
now ar, = 2.

e Ty has the contribution (2,—1,3,—1) registered within
trap and ar, € {1,2}. The removal of this contribution
would lead again to an overflow at time 2. Consequently,
Ty is assigned to resource 1 and we enforce the time win-
dows of T} to include the support of trap i.e., we enforce
str, < st and et < ety,. Hence, now st, € [1..2] (in-
stead of [1..6]) and er, € [3..4] (instead of [3..8]).

Filtering of the temporal attributes of task 7;

If T is assigned to the resource r, we filter its temporal at-
tributes:

e In a first phase, we browse all sub-tasks Tij of T} such
that their time windows intersect the support of trap,
(i.e., [stT7,et [ N [st, et[# 0). For each such a sub-task

T/ we compute the interval I STJ of non-feasible values

for its start (according to the trapezmd trap,/mP(T;))
and we filter s;.

e In a second phase, these non-feasible values are propa-
gated back to the origin, total duration, end of 7; as well
as to the starts, durations and ends of all Tij . They are
linked to the temporal attributes of T; by the following
linear constraints (LC):

8To determine, if the addition of two trapezoids leads to an over-
flow or not, we add their respective heights at the start and at the
end of their two supports intersection.

(1) 1 d; = tdr,,
2) sTl + thi =er, (see Definition 2)

(3) s, +dp1 = 572, (first trapezoid sub-task T})
DY) =2.p; — 1555 +dpi = spa01, (TP to TP
(5) s7» +drn = er, %(last trzlpezoid sub-task 77%)

(see Definition 2)

Constraint (1) is propagated using the standard incom-
plete filtering algorithm for linear constraints (Harvey,
Stuckey and Peter, 2003). Constraints (2) to (5) of the
form X + Y = Z are propagated by using a complete
filtering algorithm in order to be able to propagate back
the holes created within the origin of one sub-task to the
origin and the end of the corresponding task.’

In the rest of the paper we focus on the computation of
the interval ST7 of non-feasible values for the start of TJ

(according to the trapezoid trap, /mP(T;)).

Filtering the starts s; of a sub-task Tz-j

We now explain how to filter, according to trap, =
(st,sh,et,eh) and C, the starts s..; of sub-tasks T? whose
time windows [st,;, et ;| intersect [st,et[. We assume
(otherwise there is no filtering to do) that:

e T; is assigned to the resource r (i.e., ar, = 7),

° Tij cannot have a null duration (i.e, de > 0),

e Scheduling trap, and Tij in parallel can lead to be in
excess of the resource capacity C,. (i.e., max(sh, eh) +
max(sth, 7i) > Cr).

Definition 5 A start s is non-feasible if whatever d €
[dyi..dps] such that s + d € [ei..€p;), there exists t €
[s, s+ dl[ N [st, et[ such that the sum o}‘ the two trapezoids
trap, /mP(T;) and (s, shyi, s +d, ehTJ) leads to be in ex-
cess of the resource capaczty at time t.

Notations Let IS,; =]vy,0[ denote the interval of

non-feasible starts s, of Tij (s75 € @) under the hy-

pothesis that there is no constraint on the end ers of Tj
(e., eri = —00 A€ eps = +00). Note that if S € Z then

IS5 = [lv] +1.T6] = 1],

We first explain how to transform the current problem of
scheduling T/ in parallel with trap, /mP(T;) without ex-
ceeding C). in an equivalent non-overlapping problem. Us-
ing this new formulation, we first compute IS 9 for a fixed
duration of Tij then, show how to extend it to the case where
Tij has a variable duration.

"Since it may lead to a better evaluation of the earliest and latest
starting time, earliest and latest finishing time of 7; as illustrated
by the filtering of task 73 in Example 5.



Transforming a cumulative scheduling problem involv-
ing two trapezoids into a particular non-overlapping
problem

o Transforming a cumulative scheduling problem involving
two trapezoids not both positive or null into a cumulative
scheduling problem involving two trapezoids positive or
null : Assume that we want to schedule in parallel two
trapezoids trap, and traps without exceeding a capacity
C. First observe that, if the two trapezoids are not both
positive or null (i.e., their two heights are non—negative)
then we consider the equivalent problem of scheduling
two positive or null trapezoids without exceeding another
capacity C’ where we transform the heights sh and eh of
each non-positive or null trapezoid into respectively the
positive heights sh — min(sh, eh) and eh — min(sh, eh)
and the capacity in C' — min(sh, eh).

o Transforming a cumulative scheduling problem involv-
ing two positive or null trapezoids into a particular non-
overlapping problem: The problem of scheduling the pos-
itive trapezoid (or line-segment if 77 is a null trape-
zoid) traps in parallel with the positive trapezoid (or
line—segment) trap; without exceeding the capacity C'
is equivalent to the problem of translating trap, (derived
from trap-) as represented by Fig. 5, parallel to the (0x)-
axis in order that the two trapezoids trap; and trap, don’t
overlap each other. Part (I) of Fig. 5 depicts the two trape-
zoids trap; and trap,. Part (II) (resp. (III)) presents a
feasible (resp. non-feasible) scheduling instance and the
corresponding placement instance.

resource resource
sh
I shy m eh, 2 .
time rap, eh,
s ety time

Fixed trapezoid Trapezoid to filter

(I) Problem Input
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Figure 5: Cumulative and non-overlapping views of the
problem of filtering the origin of a trapezoid sub-task ac-
cording to a fixed trapezoid

Computing /S,; when the duration of 77 is fixed Let
trap, (derived from trap, /mP(T;)), traps (derived from
T?) and C (derived from C;.) denote the transformed trape-
zoids and capacity used in the placement problem. To deter-
mine the impossible origins of trap, with a fixed duration
ds, we move traps, as shown by Fig. 6 Part (I), parallel to
the Ox-axis and we obtain an interval |0(dz), y(d2)][ of val-
ues where traps overlaps trap,. All the different cases are
given by Table 1 and illustrated by Fig. 6 Parts (II) and (III):
given the two trapezoids trap; and traps, Part (I) (resp. (II))
enumerates all respective positions of ¢trap; and trap, asso-
ciated with their earliest (resp. latest) possible intersection.
Within Table 1, A; (resp. As) denotes the line—segment
corresponding to the slope of trap;(resp. traps). In order
to significantly reduce the number of cases to consider, a
dotted trapezoid denotes the fact that the slope of the corre-
sponding trapezoid may be positive or negative.

(I) Translating trap, according to trap;
y
c \j

S R -l I
A, A,
0 / 7 :I:I:I:I:I/: 7t > X

Y(dz) S(dz)

(I) Determining the earliest possible intersection y(d,)

. @ (b) © (d) (©

A A

(IlT) Determining the latest possible intersection 3(d,)
A @) (b) (c) (d) (¢)

Figure 6: (I) Interval of impossible starts of traps, (I), (IIT)
All respective positions of trap; and trapy associated with
their earliest (resp. latest) intersection

Computing /.S,; when the duration of TZ is variable

When the duration of Tg is not already fixed, IS, =
mde[gTj..ET_j] ]v(d),d(d)[. By considering all the cases of

Table 1, we can verify that 7(d) is maximum for d = d;
(as v(d) is a constant or a decreasing function of ds) and
that §(d) is minimum for d = d; (as §(d) is a constant or
an increasing function of ds). Note that when d is increasing
or decreasing we can switch from a case to another one. So

IST; :]'Y(QTI_J ). 5(dTiJ )



Table 1: Conditions and values of v and § for a given duration of traps associated to the respective positions of trap; and
trap, showed by Fig. 6 Parts (II) and (III) (sl; = (ehy — sh1)/(et — st), sly = (ehps — shyi)/d2)

| Case | sl | slo | sli+sly | shi,ehy, sho, ehy | ~(dz) |
(a) ehy meets shy - - - ehi + shy > C st — dg
(b) shq meets Ay - <0 <0 shi + shy > C st — (C' — shy — shy)/sly
(c) ehq meets Ao >01] <0 >0 eh1 +ehy <C et — (C — shgy — ehl)/slg
(d) sho meets A >0]| <0 <0 shi + shy < C st + (C — sho — Shl)/Sll
(e) ehg meets Ay | >0 - >0 ehi +ehy >C | st+ (C —ehy — shy)/sly — do

| Case | sl | slo | sli+sly | shi,ehy,sho, ehy | 5(d2) |
(a’) eho meets shy - - - ehy1 + shy > C et
(b’) shimeets Ay | <0 | >0 <0 shi + shy < C st — (C'— shg — shy)/sls
(¢’) eh1 meets Ao - >0 >0 ehi +ehy > C et — (C' — shy — ehy)/sls
(d’) sho meets A; | <0 - <0 shi + shy > C st + (C — shy — shy)/sly
(e”) eho meets Ay <0]|>0 >0 ehi1 +ehy < C st + (C —ehy — shl)/sll —dsy

Table 2: Avoid_Trap_Overflow Algorithm (ATO)

Avoid_Trap_Overflow(z, (st, sh, et, eh), C)
Filters all St according to (st, sh, et, eh) and C;

max = max(sh, eh); if math + mazx < C then return Delay;

] — 1; /* Transform (if needed) (st, sh, et, eh) and C: */

if (sh > 0 A eh > 0) then shy <« sh; ehy < eh; r* (st, sh, et, eh) is positive or null */
else m «— min(sh, eh); shy — sh —m; ehy — eh —m; C — C — m;

while ] < Pi do /* Iterates through the p; sub-tasks of T */

| ideij >0A [St7 et[ N [S—tTlJ ,§TZ+1 [75 0 A max + max(@TZ,@Tij) >C

| then /* Transform (if needed) Tj then compute IS (s T ) and filters s J */

I A el ey

I | if (ShTJ >0A ehTJ > 0) then 8h2 — ShTJ 5 €h2 — €hTJ JE T,J is positive or null */
9: || elsem — mln(sth,ehTJ) shg «— shTJ m; ehy — ehy; —m; C — C —m;

10: | sly — (ehy — shy)/(et — st);

11: | Slg — (ehg - Shg)/dTg, /% Compute v (d J) */

12: | | if ehy + shy > C then /* case (a) ¥/ 7Y +— st - dTJ else

13: | | if sl + sl < 0 then /* case (b) or (d)

14: | | ‘ if shq + shy > C then vy — st — (C — shg — Shl)/slg; /* case (b) */
15: | | ‘ else’y «— st + (C*Shg 78h1)/511;/*case(d)*/

16: | | else rcase (c)or ()

17: | | | ifehy + ehy < O, theny « et — (C — shy — ehy)/sla; # case (&) */
18: | | ‘ else’y — st + (Of €h2 - Shl)/sh TJ,/*(.dse(e) ®/

19: | | sly — (ehg — Sh2)/dT_] ; /% Compute 5(d _j) 2 ¥

20: | ifehy + shy > C then /* case 2’ /0 «— et else

21: | | if sly + sla < 0 then / case (b") or (@) */

22: | | | if shy 4 she < C then § «— st — (C' — ehy — shy)/sla; /* case () */
23: | | | ‘ else § — st + (C — Shg — Shl)/5l1 — d2); /% case (d”) */

24: | | else /case (') or () */

25: | | ‘ if €h1 + h2 > C then § « et — (C — Sh2 — ehl)/Slg; /* case (c’) */
26: | || | elsed « st 4 (C' — shy — shy)/sly — dyy; 1+ case () *

27: | | ify < § then if Remove(s;, [|7] + 1, [4] —11]) = Fail then return Fail;

28: | j«—7i+1;
29: return Delay;




Example 5 (continuation of Ex. 4) We now detail the filter-
ing of tasks T, Ts and Ty according to the second trapezoid
trap = (2,11/6,3,2/3) of merP(1) (see Fig. 2 Part (IIl))
in order not to exceed the capacity C1 = 2 (11 was previ-
ously assigned to resource 1 so is not considered here):

o Ty: As the superposition of To and trap/mP(Ty) =
(2,—1,3,—1) can never exceed the capacity (maxhr, +
marhiyap/mp(m,) = 5/2 -1 < 01 = 2)8 there is no
filtering to perform.

o Ty: As trap/mP(T3) = merP(1)? and mazxhg, +
Mazhp,.rp1yz > C1 so we filter Tz according to trap.
We have stpy = st, € [0..3], stpz € [2..5], sty € [4..6]
and stps = er, € [6..9] and dpy = dpp = dpz = 2.

- Ti: As IS(T3) € [1..2] (cases (a) and (a’)), we re-
move [1..2] from stp, that is now in {0,3}. Then,
by propagating constraints (LC) we get st, € {0,3},
stre € {2,5}, sty € {4,7} and sty = er, € {6,9}.

- T3: As IS(T3) € [1..2] (cases (a) and (d’)) we remove
2 from stz that becomes 5. Then, by propagating con-
straints (LC) , we get stry = spy, = 3, strz = 5,
stps = Tand stps = ep, = 9.

- T?f’.' As elirap < itTg no more filtering occurs.

o Ty: We filter T} according to trap/mP(Ty) =
(2,5/2,3,2) and C; = 2. This is equivalent to the
placement problem of trap; = (2,5/2,3,2) and a null
line—segment trapo of duration 2 with C' = 3. We obtain
no filtering.

Complexities

Result 1 Given a resource r, a computed trapezoid trap of
mer P(r) and a task T; with p; trapezoid sub-tasks, the com-
plexity of filtering the resource assignment and the starts of
the sub-tasks of T; according to trap and the capacity C,. is
in the worst case O(p;). Then, the filtering of all the tasks
according to all the minimum cumulated resources’ profiles
may be processed in O(q - p*) where p is the total number
of trapezoid sub-tasks of all the tasks and q the number of
resources.

Proof 1 of Result 1. The complexity of the algorithm
Avoid_Trap_Overflow (a) and the complexity for filtering the
resource assignment (b) are both in worst case in O(PF;).
In fact, the algorithm Avoid_Trap_Overflow browses all the
sub-tasks of T’; and for each relevant sub-task makes oper-
ations in O(1) then it has a complexity in the worst case of
O(p;). If T; is assigned to the resource T, the filtering of the
resource assignment is in O(1) and if T; may be assigned
to the resource then then this filtering is in the worst case in
O(p;). Each time a trapezoid (O(p) trapezoids) of the mini-
mum cumulated profile of this resource is built, then (a) and
(b) are applied for each task that both may be assigned to

8maxzhr contains the value of the maximum over all minimum
heights of T'.

this resource and whose time windows intersects this trape-
zoid so a complexity at most of O (3_'_, (p- > i, pi))
ie, O(q-p?).

|

Conclusion

This paper provides the first algorithm for filtering in a sys-
tematic way the attributes of a task, made of a sequence of
trapezoid sub-tasks with variable durations and heights, ac-
cording to a fixed trapezoid in order to respect a resource
capacity. Future research may consist in filtering such a
task according to task intervals. Observe that the problem
of computing the exact minimum intersection of such a task
with an interval is an open question.
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