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Abstract� There is no need to show the importance of the �ltering tech�
niques to solve constraint satisfaction problems i�e� to �nd values for
problem variables subject to constraints that specify which combinations
of values are consistent� They can be used during a preprocessing step to
remove once and for all some local inconsistencies� or during the search
to e�ciently prune the search tree� Recently� in ���� a comparison of the
most practicable �ltering techniques concludes that restricted path con�
sistency �RPC� is a promising local consistency that requires little ad�
ditional cpu time compared to arc consistency while removing most of
the path inverse inconsistent values� However� the RPC algorithm used
for this comparison �presented in ��� and called RPC� in the following�
has a non optimal worst case time complexity and bad average time and
space complexities� Therefore� we propose RPC�� a new RPC algorithm
with O�end�� worst case time complexity and requiring less space than
RPC� in practice� The second aim of this paper is to extend RPC to new
local consistencies� k�RPC and Max�RPC� and to compare their pruning
e�ciency with the other practicable local consistencies� Furthermore� we
propose and study a Max�RPC algorithm based on AC�� that we used
for this comparison�

� Introduction

Finding a solution in a constraint network �CN� involves looking for a set of value
assignments� one for each variable� so that all the constraints are simultaneously
satis�ed� Many exponential search algorithms have been proposed to solve this
NP�hard task� To avoid combinatorial explosion� the search tree has to be pruned
as much as possible� Thus� �ltering techniques are used to remove some local
inconsistencies before or during the search�

Arc and path consistencies are the most studied local consistencies� While
the latter is seldom used� most of real applications maintain arc consistency
�MAC �	
�� or a limited version of arc consistency �forward checking ���� dur�
ing the search� Indeed� arc consistency �AC� removes some values that cannot
belong to any solution� which can strongly reduce the search space� More� AC
can be enforced cheaply� On the other hand path consistency �PC� removes some
inconsistent pairs of values with a huge complexity� The constraints must be
represented in extension� and the structure of the network can be changed� PC
is almost never used because of these important drawbacks�



On large and hard CNs� MAC outperforms forward checking� Although main�
taining whole arc consistency on easy and very small CNs is useless� it widely
speeds up the search on hard CNs� The harder a CN is� the more useful �ltering
techniques are� It is then necessary to take a careful look at local consistencies
stronger than AC that do not fall in the same traps as PC� Recently� some power�
ful local consistencies have been proposed� A comparison in �
� concludes that
restricted path consistency �RPC �	�� is a promising local consistency� It requires
little additional cpu time compared to AC while removing most of the path in�
verse inconsistent values �PIC ����� Furthermore� it does not delete any pair of
values and thus� no constraint is added or modi�ed in the network� In this paper
we extend the idea or RPC to new local consistencies� k�RPC and Max�RPC� in
order to remove more inconsistent values� The greater k is� the more powerful
k�RPC is� Although Max�RPC removes more inconsistent values than PIC and
k�RPC for any k� enforcing a high level of k�RPC is often more expensive than
achieving Max�RPC� But in order to compare RPC and Max�RPC with the other
practicable local consistencies� we need e�cient algorithms to achieve them�

The experimental evaluation presented in �
� shows that the non optimal
algorithm RPC	 has the same bad behaviour as AC�� ��� on which it is based�
AC�� has a heavy O�ed�� data structure and its average time complexity is close
to the worst case� In addition to these drawbacks� RPC	 has an O�end�� worst
case time complexity� Therefore� in this paper we propose a new RPC algorithm�
called RPC�� which has an O�end�� worst case time complexity and requires
less space than RPC	 in practice� Moreover� we propose and study a Max�RPC
algorithm based on AC���

After some recalls in section �� we present the k�RPC and the Max�RPC local
consistencies and study their pruning e�ciency� Some recalls on RPC	 are given
in section �� We propose a new RPC algorithm called RPC� in section 
 and a
Max�RPC algorithm in section �� An experimental evaluation is given in section
� and some remarks conclude this paper�

� De�nitions and notations

A network of binary constraints P � �X � D� C� is a set X � f i� j� � � �g of n
variables� each taking value in its respective �nite domain Di� Dj � � � � elements
of D and a set C of e binary constraints� d is the size of the largest domain� A
binary constraint Cij is a subset of the cartesian product Di �Dj that denotes
the compatible pairs of values for i and j� We note Cij�a� b� � true to specify
that ��i� a�� �j� b�� � Cij� We then say that �j� b� is a support of �i� a� on Cij�
With each CN we associate a constraint graph in which nodes represent vari�
ables and arcs connect pairs of variables which are constrained explicitly� The
neighborhood of i is the set of variables linked to i in the constraint graph� A
domain D� � fD�

i� D
�
j� � � �g is a sub�domain of D � fDi� Dj� � � �g if �i�D�

i � Di�
An instantiation of a set of variables S is an indexed set of values fIjgj�S s�t�
�j � S Ij � Dj � An instantiation I of S satis�es a constraint Cij if fi� jg �� S or
Cij�Ii� Ij� is true� An instantiation is consistent if it satis�es all the constraints�



A pair of values ��i� a�� �j� b�� is path consistent if for all k � X s�t� j ��k�� i��j�
this pair of values can be extended to a consistent instantiation of fi� j� kg�
�j� b� is a path consistent support of �i� a� if ��i� a�� �j� b�� is path consistent�
A solution of P � �X � D� C� is a consistent instantiation of X � A value �i� a� is
consistent if there is a solution I such that Ii � a� A CN is consistent if it has
at least one solution� In the following we denote by P jDi�fag the CN obtained
by restricting Di to fag in P �

� Restricted path consistency and its extensions

Restricted path consistency allows to detect more inconsistent values than AC
while avoiding the drawbacks of PC� RPC is based on the following remark� If a
value �i� a� has an unique support �j� b� on a constraint Cij� the path inconsist�
ency of ��i� a�� �j� b�� leads to the inconsistency of �i� a�� So� in addition to the
arc inconsistent value deletions� an RPC algorithm checks the path consistency
of the pairs of values ��i� a�� �j� b�� if �j� b� is the unique support of �i� a�
in Di� These tests can directly lead to the deletion of �i� a� if ��i� a�� �j� b��
is found to be path inconsistent� RPC does not require to explicitly maintain
the list of allowed pairs of values �since it does not remove pairs of values from
constraints�� and it avoids the prohibitive cost of path consistency� which checks
all the pairs of values�

RPC checks the path consistency of a support �j� b� only when it is the
unique support of a value �i� a�� It can be extended to a more pruningful �ltering
technique� Instead of checking path consistency of supports only when there is an
unique one� we could do that each time �i� a� has at most k supports� This is the
principle of k�restricted path consistency �k�RPC�� which ensures that the values
that have at most k supports on a constraint have at least one path consistent
support on this constraint� RPC is 	�RPC and AC corresponds to 
�RPC� The
greater k is� the smaller the probability for a value having k supports to have no
path consistent support is� But we cannot say that the smaller k is� the smaller
the cpu time to number of value deletions ratio of k�RPC is� Indeed� this rely on
the constraint network� k�RPC can detect the inconsistency of a CN that has no
�k�	��restricted path inconsistent value� A real advantage of k�RPC is that it can
be used in an adaptative way� reusing the �ltering e�ort� If k�RPC holds in a CN
and we want to enforce �k�	��RPC� we have only to consider the values that have
exactly �k�	� supports on a constraint and to propagate their possible deletion�
Obviously� we can stop enforcing higher levels of k�RPC as soon as all the values
have a path consistent support on each constraint� In this case d�RPC holds �d
being the size of the largest domain�� If after the deletion of the k��restricted
path inconsistent values no value has more than k� supports on any constraint�
k���RPC holds for all k�� � k�� A CN is said Max�restricted path consistent if
all the values have a path consistent support on each constraint� whatever is the
number of supports they have� Although a Max�restricted path consistent CN is
k�restricted path consistent for all k� enforcing Max�RPC can be less expensive
than achieving k�RPC� Indeed� as opposed to k�RPC� enforcing Max�RPC does
not require to determine the set of values that have no more than k supports on



� A binary CN is �i� j��consistent i� �i � X � Di �� � and any consistent instantiation of i
variables can be extended to a consistent instantiation including any j additional variables�

� A domain Di is arc consistent i�� �a � Di� �j � X s�t� Cij � C� there exists b � Dj s�t�
Cij�a� b�� A CN is arc consistent ��	� 	�
consistent� i� �Di � D� Di �� � and Di is arc
consistent�

� A pair of variables �i� j� is path consistent i� ��a� b� � Cij � �k � X � there exists c � Dk s�t�
Cik�a� c� and Cjk�b� c�� A CN is path consistent ���� 	�
consistent� i� �i� j � X � �i� j� is
path consistent�

� A binary CN is strongly path consistent i� it is node
consistent� arc consistent and path
consistent�

� A binary CN is k�restricted path consistent i�
�i � X � Di is a non empty arc consistent domain and�
��i� a� � D� for all j � X s�t� �i� a� has at most k supports in Dj �
�b � Dj s�t� Cij �a� b� and for all k � X linked to both i and j�
�c � Dk s�t� Cik�a� c� �Cjk�b� c��

� A binary CN is restricted path consistent i� it is 	
retricted path consistent�

� A binary CN is Max�restricted path consistent i�
�i � X � Di is a non empty arc consistent domain and�
��i� a� � D� for all j � X linked to i�
�b � Dj s�t� Cij �a� b� and for all k � X linked to both i and j�
�c � Dk s�t� Cik�a� c� �Cjk�b� c��

� A binary CN is path inverse consistent i� it is �	� ��
consistent i�e� ��i� a��D �j�k�X s�t�
j��i��k��j� ��j� b��D and �k� c��D s�t� Cij�a� b� � Cik�a� c� � Cjk�b� c�

� A binary CN is neighborhood inverse consistent i� ��i� a�� D� �i� a� can be extended to
a consistent instantiation including the neighborhood of i�

� A binary CN P is singleton arc consistent i� �i � X � Di �� � and ��i� a� � D� P jDi�fag

has an arc consistent sub
domain�

� A binary CN P is singleton restricted path consistent i� �i � X � Di �� � and ��i� a� � D�
P jDi�fag has a restricted path consistent sub
domain�

Fig� �� The most practicable local consistencies

a constraint �which can be expensive if k is great�� The properties corresponding
to RPC� k�RPC� Max�RPC and the most usual local consistencies are presented
in �g�	�

In order to compare the pruning e�ciency of local consistencies� we use the
transitive relation �stronger� introduced in �
�� A local consistency LC is stronger
than another local consistency LC� if in any CN in which LC holds� LC� holds
too� For example RPC is stronger than AC since an RPC algorithm removes at
least all the arc inconsistent values� A local consistency LC is strictly stronger

than another local consistency LC� if LC is stronger than LC� and there is at
least one CN in which LC� holds and LC does not hold�

Theorem �� If k � k� ��� k�RPC is strictly stronger than k��RPC�

Proof� Trivial�

Theorem �� Max�RPC is strictly stronger than k�RPC� �k ���

Proof� Trivial�

Theorem �� Singleton arc consistency is stronger than Max�RPC�

Proof� Suppose that there exists a CN P with a singleton arc consistent value
�i� a� that is not max�restricted path consistent� Let j � X be a variable such
that �i� a� has no path consistent support in Dj � For each support b of �i� a�
in Dj � there exists a variable k such that � �c � Dk � Cik�a� c� � Cjk�b� c��
Therefore� all the values of Dj are arc inconsistent w�r�t� P jDi�fag and �i� a� is
not singleton arc consistent�



Theorem �� Neighborhood inverse consistency is stronger than max�restricted

path consistency�

Proof� Let us show that a neighborhood inverse consistent value �i� a� is max�
restricted path consistent� If NIC holds for �i� a�� there exists a consistent in�
stantiation I including the neighborhood of i� �j � X linked to i� Ij is a path
consistent support of �i� a� since �k � X linked to i and j� Ik is a support of
both �i� a� and �j� Ij�� Therefore� Max�RPC holds for �i� a��

Theorem �� If j X j��� max�restricted path consistency is stronger than path

inverse consistency�

Proof� Suppose that there exists a CN P that is max�restricted path consistent
but not path inverse consistent� Let �i� a� be a Max�RPC value of P that is not
path inverse consistent and j� k two variables such that �i� a� cannot be extended
to a consistent instantiation of fi� j� kg�

� If � �Cij � C and � � Cik � C� Since PIC does not hold � � ��b� c� � Cjk and
all the values of Dj are max�restricted path inconsistent� So� Max�RPC does
not hold�

� If ��Cjk � C� �i� a� is not arc consistent and so �i� a� is max�restricted path
inconsistent�

� If Cjk � C�� �Cij � C �resp� Cjk � C�� �Cik � C�� If �i� a� has no support
in Dk �resp� Dj� it is max�restricted path inconsistent� Otherwise� all the
supports of �i� a� in Dk �resp� Dj� have no support in Dj �resp� Dk�� So a
Max�RPC algorithm will delete all the supports of �i� a� in Dk �resp� Dj�
and then �i� a��

� If Cij � C� Cjk � C and Cik � C� Since �i� a� cannot be extended to a
consistent instantiation of fi� j� kg� �i� a� has no path consistent support in
Dj and Max�RPC does not hold�

ACRPC

PIC

SACSRPC

NIC

Strong PC A B : A and B are incomparable w.r.t. the stronger relation.

Max RPC k-RPC
(k>1)

A B : A is strictly stronger than B.

Fig� �� Relations between the local consistencies

Fig�� sums up the relations between the most practicable �ltering techniques�
A continuous arrow from A to B means that the local consistency A is strictly
stronger than B� There is a crossed line between A and B if A and B are
incomparable w�r�t� the stronger relation� A proof of the relations presented in
�g�� can be found in ���� Especially� if A is not stronger than B �B is strictly
stronger than A or A and B are incomparable�� a CN in which A holds and B

does not hold can be found in ��� and ����



Some local consistencies are incomparable with respect to the �strong� re�
lation� Moreover� �g�� gives some qualitative properties� but no quantitative in�
formation� It can be interesting to determine if a local consistency can detect
much more inconsistent values than another local consistency�

In order to determine the pruning e�ciency of k�RPC� an experimental eval�
uation has been done� The aim of this evaluation is not to compare the cpu time
to number of value deletions ratio� A part of such a comparison can be found
in �
�� We only want to show how much a particular local consistency is able
to detect inconsistency on some random CNs� with a �xed number of variables
and values� when the number of constraints and the constraints tightness are
varying� The CN generator involves four parameters� N the number of variables�
D the common size of the initial domains� p	 the proportion of constraints in
the network �p	�	 corresponds to the complete graph� and p� the proportion of
forbidden pairs of values in a constraint �the tightness�� For each possible pair
�p	� p��� 

 random CNs having 	

 variables and �
 values in each domain were
generated� For each local consistency and each density� �g�� presents the value
of p� such that for any tightness greater than this value� the �ltering technique
has detected the inconsistency of the 

 generated CNs� As an example� for SAC
the limit is 
�� at density 
�	
� Therefore� for a smaller tightness� at least one of
the 

 random CNs is singleton arc consistent� NIC ��� has an exponential worst
case time complexity and becomes really prohibitive when the variables have
large neighborhoods� Therefore� this experimental evaluation gives no results on
NIC� Path consistency being widely studied� strong path consistency �enforcing
both arc and path consistency� is also presented although its huge space and
time complexities make it prohibitive on large CNs�

Obviously� Max�RPC removes much more values than AC� But the main
result is that ��RPC is not stronger than PIC because of some very unusual CNs�
PIC has only detected the inconsistency of a few ��restricted path consistent CNs
for density between 
�
� and 
�	��

� Some recalls on RPC�

To enforce RPC we have to achieve arc consistency and to check the path con�
sistency of ��i� a�� �j� b�� pairs of values such that �j� b� is the unique support
of �i� a�� RPC	 �	� determines the pairs of values that have to be considered
using AC��� which maintains the number of supports that the values have on
each constraint� This determination does not require this counting� We have to
look for only the arc consistent values that have no more than one support on a
constraint� Whatever is the constraint network� RPC	 performs all possible con�
straint checks to build its lists of supported values and to initialize its counters�
RPC	 has a bad average time complexity because most of this costly initialisation
phase is useless� especially on networks with loose constraints�

The O�ed�� worst case space complexity of the lists of supported values is
another disadvantage� These lists are often more costly in space than the propaga�
tion list ListPC used by RPC	 because the average space complexity of ListPC
is far from its O�end� worst case space complexity�
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But the most important drawback of RPC	 is its worst case time complexity�
When a common support �k� c� of �i� a� and �j� b� is found� this information is
not stored� Therefore� if a value �k� c�� is deleted� RPC	 cannot determine the set
of pairs of values that may be no longer path consistent because of �k� c�� deletion�
It overestimates this set� So� the deletion of a value can lead to some useless path
consistency checks� In addition� RPC	 does not store enough information to
know the values that have already been considered during some previous path
consistency checks� Therefore� to check if a pair of values is still path consistent�
RPC	 considers again some already checked values� This leads to an O�end��
worst case time complexity�

� RPC�

��� Bases of the algorithm

RPC� enforces AC and determines the pairs of values for which path consistency
has to be proved by checking for each arc�value pair ��i� j�� a� if �i� a� has
zero� one or at least two supports in Dj � If �i� a� has no compatible value in
Dj it is an arc inconsistent value� otherwise� if it has an unique support b� the
path consistency of ��i� a�� �j� b�� has to be checked� In addition� like AC�� ����
RPC� takes advantage of the bidirectionality of constraints to reduce the number
of constraint checks performed�

The second idea is that when the path consistency of a pair ��i� a�� �j� b��
has to be checked� for each variable k linked to i and j� RPC� looks for the
smallest common support of �i� a� and �j� b� in Dk� If the pair is path consistent�



RPC� stores for each smallest common support �k� c� found� that it is currently
supporting ��i� a�� �j� b��� So� as long as c is in Dk� ��i� a�� �j� b�� is path
consistent with respect to k and if �k� c� has to be deleted� we know that if a
common support of �i� a� and �j� b� exists in Dk it is greater than c� This �AC��
like behavior� ��� leads to an O�end�� worst case time complexity�

��� The algorithm

The data structures of RPC� are�

� each initial domain is considered as the integer range 	��j Di j� The current
domain is represented by a table of booleans� We use the following constant
time functions and procedures to handle the current domain�
	 last�Di� returns the greatest value of Di if Di �� 
 and nil otherwise�
	 if a � Dinlast�Di�� next�Di� a� returns the smallest value in Di greater
than a� next�Di� nil� returns the lowest value of Di if Di �� 
 and nil

otherwise�
	 remove�Di � a� removes the value a from Di and stops the algorithm if
a was the unique value in Di �the CN is inconsistent��

� a pair of values �b� a�� is in SACija if �j� b� is currently supported by �i� a�� If
a� � nil �i� a� is the unique support of �j� b� in Di� otherwise �i� a�� is the
second current support of �j� b� and there is a direct access between the pair
�b� a�� in SACija and a pair �b� a� in SACija� � If S

AC
ija �� 
� first�SACija � returns the

�rst pair of values in SACija and �nil� nil� otherwise� If �b� a�� is in SACija and is

not the last pair of values of SACija � next�S
AC
ija � �b� a

��� returns the successor

of �b� a�� in SACija and �nil� nil� otherwise�
� if we do not consider the constraint checks required to check the path consist�
ency of the pairs of values� RPC� never performs a constraint check twice�
To ensure this property� it uses the array L� Lija � b if �b� � Dj s�t� b� � b�
RPC� has already checked if �j� b�� is a support of �i� a��

� if ��i� a�� �j� b�� � SPCkc and �a � Di � b � Dj�� �j� b� is the unique support
of �i� a� in Dj and �k� c� is currently supporting ��i� a�� �j� b�� i�e� �k� c�
is the smallest value in Dk such that Cik�a� c� and Cjk�b� c��

� an arc�value pair ��i� j�� a� is in InitList if RPC� has not yet determined if
�i� a� has 
� 	 or at least � supports in Dj � A value �j� b� is in DeletionList

if b has been removed from Dj but this deletion has not been propagated�
�i� a� j� b� nil� nil� is in CheckPCList if �j� b� is the unique support of
�i� a� in Dj and the path consistency of ��i� a�� �j� b�� has to be checked
to determine if �i� a� is restricted path consistent� �i� a� j� b� k� c� with
k �� nil and c �� nil is in CheckPCList if c has been removed from Dk and
a support of ��i� a�� �j� b�� greater than c has to be found in Dk to prove
the path consistency of ��i� a�� �j� b�� w�r�t� k�

For each arc�value pair ��i� j�� a�� RPC� uses the function TryToF indTwo�
Supports to determine if �i� a� has zero� one or at least two supports in Dj �
This function tries �rst to infer two supports looking for undeleted values in



procedure RPC����
	 DeletionList� ��CheckPCList� �� InitList� ��
� forall �i� a� � D do

� SPCia � ��
� forall Cij � C do

 SACija � ��Lija � nil� InitList� InitList	 f��i� j�� a��g�
� while InitList �� � or DeletionList �� � or CheckPCList �� � do
� if DeletionList �� � then
� choose and delete �i� a� from DeletionList�
� PropagDeletion�i� a� DeletionList� CheckPCList��
	� else if CheckPCList �� � then
		 choose and delete �i� a� j� b� k� c� from CheckPCList�
	� if a � Di and b � Dj then
	� CheckPC�i� a� j� b� k� c� DeletionList��
	� else choose and delete ��i� j�� a� from InitList�
	
 b� nil� NbS � TryToFindTwoSupports�i� a� j� b��
	� if NbS � � then
	� remove�Di� a�� DeletionList� DeletionList	 f�i� a�g
	� else if NbS � 	 then
	� CheckPCList� CheckPCList	 f�i� a� j� b� nil� nil�g�

Fig� �� RPC�

SACija i�e� the list of the values supported by �i� a� on Cij� If less than two sup�
ports have been found� RPC� goes on with its search looking for the smallest
supports in Dj� The array L allows to reduce the number of constraint checks
performed� Lija is used to determine the values of Dj that have not already been
checked and we check Cij�a� b� only if Ljib � a� Indeed� if Ljib � a� RPC� has
already checked if �i� a� is a support of �j� b�� and if it is a compatible value
TryToF indTwoSupport has found b in SACija �

If �i� a� has an unique support �j� b� the path consistency of ��i� a�� �j� b��
has to be checked and �i� a� j� b� nil� nil� is put in CheckPCList� To check
the path consistency of a pair ��i� a�� �j� b�� the procedure CheckPC uses the
function IsPathConsistent to �nd the smallest common support of �i� a� and
�j� b� in Dk for all k � X linked to both i and j� If path consistency is proved�
for each smallest common support �k� c� found� RPC� stores that it is currently
supporting ��i� a�� �j� b�� by updating SPCkc � otherwise �i� a� is not restricted
path consistent�

If a value �j� b� is deleted� PropagDeletion checks if the values currently
supported by �j� b� �in SACj
b � are still restricted path consistent and if the pairs

of values for which �j� b� is the smallest common support �in SPCjb � are still path
consistent�

��� Complexity

Since TryToF indTwoSupports removes from SACija the values that are no longer
in Dj � the test of line � is performed at most O�d� times for each arc�value pair�

In addition Lija is bounded above by d and Lija increases at each step of
the second loop of TryToF indTwoSupports� Thus� the cost of this loop is O�d�
for each arc�value pair and the complexity due to the calls to TryToF indTwo�
Supports is O�ed��� The pairs of values ��i� a�� �j� b�� for which the path con�
sistency has to be proved are such that �j� b� is the unique support of �i� a�� So�
in the worst case path consistency has to be checked for O�ed� pairs of values�
Whatever is the pair of values ��i� a�� �j� b�� and k � X linked to both i and j�



function TryToFindTwoSupports�i� a� j� var b� � integer�
	 if b � nil then NbS � � else NbS � 	�
� �b�� a�� � first�SACija ��
� while NbS � � and b� �� nil do
� if b� �� Dj then


 delete �b�� a�� from SACija
� else if b� �� b then
� NbS � NbS � 	�
� if NbS � 	 then b� b��
� if NbS � � then

	� �b�� a�� � next�SACija � �b
�� a����

		 while NbS � � and Lija � last�Dj � do
	� b� � next�Dj� Lija��Lija � b��
	� if b� �� b and �Ljib� � nil or Ljib� � a� then
	� if Cij �a� b

�� then
	
 NbS � NbS � 	�
	� if NbS � 	 then b� b��
	� if NbS � � then

	� add �a� b�� in SACjib � �a� b� in SAC
jib�

and link them

	� else if NbS � 	 then

�� add �a� nil� in SACjib �
�	 return NbS�

procedure PropagDeletion�j� b� var DeletionList� var CheckPCList ��
	 forall i � X such that Cij � C do

� while SACjib �� � do

� choose and delete �a� b�� from SACjib �
� if a � Di then

 if b� � nil then
� remove�Di � a��DeletionList� DeletionList	 f�i� a�g
� else delete �a� b� from SAC

jib�
� fconstant timeg

� if b� �� Dj then b� � nil�
� NbS � TryToFindTwoSupports�i� a� j� b���
	� if NbS � � then
		 remove�Di� a��DeletionList� DeletionList	 f�i� a�g
	� else if NbS � 	 then
	� CheckPCList� CheckPCList	 f�i� a� j� b�� nil� nil�g�
	� while SPCjb �� � do

	
 choose and delete ��i� a�� �k� c�� from SPCjb �
	� CheckPCList� CheckPCList	 f�i� a� k� c� j� b�g�

procedure CheckPC�i� a� j� b� k� c� var DeletionList��
	 if k � nil then
� PConsistent� true�Common � fk � X j Cik � C and Cjk � Cg�
� forall k � Common while PConsistent do
� c� � nil�PConsistent� IsPathConsistent�i� a� j� b� k� c���CS�k� � c��

 if PConsistent then
� forall k � Common do
� SPC

k�CS�k� � SPC
k�CS�k� 	 f��i� a�� �j� b��g�

� else PConsistent� IsPathConsistent�i� a� j� b� k� c��
� if PConsistent then
	� SPCkc � SPCkc 	 f��i� a�� �j� b��g�
		 if not PConsistent then
	� remove�Di� a��DeletionList� DeletionList	 f�i� a�g�

function IsPathConsistent�i� a� j� b� k�varc� �boolean�
	 found � false�
� while �not found� and c �� last�Dk� do
� c� next�Dk� c��
� if Cik�a� c� and Cjk�b� c� then found � true�

 return found�

Fig� �� The subprocedures used by RPC�



a value ofDk is never checked twice to prove the path consistency of ��i� a�� �j� b��
w�r�t� k�Thus� the complexity due to the calls to IsPathConsistent is O�end��
and the worst case time complexity of RPC� is O�end���

The worst case space complexity of SACija lists is O�ed� because a value �i� a�
has at most two current supports on each constraint Cij� The size of InitList
is O�ed� since each arc�value pair is put in this list once� A pair of values
��i� a�� �j� b�� such that �j� b� is the unique support of �i� a� has at most
one current support in the domain of each variable linked to both i and j� There�
fore the worst case space complexity of SPCjb lists is O�end�� There is at most
O�ed� �i� a� j� b� nil� nil� elements in CheckPCList� and whatever is the pair
of values ��i� a�� �j� b�� and the variable k linked to both i and j� there is at most
one �i� a� j� b� k� c� element in CheckPCList� Thus the size of CheckPCList
is O�end� and the worst case space complexity of RPC� is O�end��

� Max�RPC

��� Bases of the algorithm

Max�RPC does not have to determine the set of weakly supported values i�e�
those having at most k supports� It only has to ensure that all the values have
at least one path consistent support on each constraint� The idea of AC�� is
used twice� First� to prove the Max�restricted path consistency of a value �i� a��
Max�RPC looks in the domain of each variable linked to i for the smallest path
consistent support this value has� To determine if a value �j� b� compatible with
�i� a� is a path consistent support� Max�RPC looks for the smallest common
support of �i� a� and �j� b� in the domain of each variable k linked to i and j�

��� The algorithm

The data structures of Max�RPC are�

� the same representation of the domains as RPC��
� the values for which �j� b� is the smallest path consistent support are stored
in the list SACjb �

� the path consistent pairs of values ��i� a�� �j� b�� such that �k� c� is the
smallest common support of �i� a� and �j� b� in Dk are stored in the list
SPCkc �

� as in RPC�� the deleted values for which the deletion has not been propagated
yet are put in DeletionList� An arc�value pair ��i� j�� a� is in InitList if
Max�RPC has not veri�ed if �i� a� has a path consistent support in Dj�

IsWithoutPCSupport�i� a� j� b� is used to determine if �i� a� has a path
consistent support greater than b in Dj � It looks for the smallest support �j� b��
of �i� a� such that ��i� a�� �j� b��� is path consistent� If such a support exists�
�i� a� is put in SACjb� in order to store that �j� b�� is currently supporting �i� a��

In addition� for each k � X linked to i and j� ��i� a�� �j� b��� is put in PC
kc where



procedureMax �RPC���
	 DeletionList� �� InitList� ��
� forall �i� a� � D do
� SPCia � �� SACia � ��
� forall Cij � C do

 InitList� InitList	 f��i� j�� a�g�
� while InitList �� � or DeletionList �� � do
� if DeletionList �� � then
� choose and delete �i� a� from DeletionList�
� PropagDeletion�i� a� DeletionList��
	� else choose and delete ��i� j�� a� from InitList�
		 if IsWithoutPCSupport�i� a� j� nil� then
	� remove�Di � a��DeletionList� DeletionList	 f�i� a�g�

function IsWithoutPCSupport�i� a� j� b� � boolean�
	 Common � fk � X j Cik � C and Cjk � Cg�
� WithoutPCSupport � true� b� � b�
� while b� �� last�Dj � and WithoutPCSupport do
� b� � next�Dj� b

���

 if Cij�a� b

�� then
� PConsistent� true�
� for k � Common while PConsistent do
� c� nil�
� if IsPathConsistent�i� a� j� b�� k� c� then
	� CS�k� � c�
		 else PConsistent� false�
	� if PConsistent then
	� forall k � Common do

	� SPC
k�CS�k� � SPC

k�CS�k� 	 f��i� a�� �j� b���g�

	
 SAC
jb�

� SAC
jb�

	 f�i� a�g�

	� WithoutPCSupport � false�
	� returnWithoutPCSupport�

procedure PropagDeletion�j� b� var DeletionList��
	 while SACjb �� � do

� choose and delete �i� a� from SACjb �
� if a � Di and IsWithoutPCSupport�i� a� j� b� then
� remove�Di� a��DeletionList� DeletionList	 f�i� a�g�

 while SPCjb �� � do

� choose and delete ��i� a�� �k� c�� from SPCjb �

� if a � Di and c � Dk and �i� a� � SACkc then
� b� � b�
� if IsPathConsistent�i� a� k� c� j� b�� then
	� SPC

jb�
� SPC

jb�
	 f�i� a� k� c�g

		 else remove �i� a� from SACkc �
	� if IsWithoutPCSupport�i� a� k� c� then
	� remove�Di � a��DeletionList� DeletionList	 f�i� a�g�

Fig� �� Max�RPC

�k� c� is the smallest common support of �i� a� and �j� b�� found in Dk� As long
as c is in Dk� ��i� a�� �j� b��� is path consistent w�r�t� k�

If a value �j� b� is deleted� for each value �i� a� currently supported by �j� b�
another path consistent support has to be found in Dj to prove that Max�RPC
holds for �i� a�� If such a support exists it is greater than b since this value was
the smallest path consistent support� PropagDeletion�j� b� has also to check for
each pair of value ��i� a�� �k� c�� supported by �j� b� if �k� c� is still a path
consistent support of �i� a�� If ��i� a�� �k� c�� is still path consistent� there is a
common support of �i� a� and �k� c� greater than b in Dj� Otherwise� we have to
look for another path consistent support greater than c in Dk for �i� a�� If there
is not any such support� �i� a� is not max�restricted path consistent and must
be removed�



��� Complexity

If Max�RPC has to look for a path consistent support of a value �i� a� in Dj �
it considers only the values it has not already checked i�e� those greater than
the current support of �i� a� on Cij� In the worst case� the path consistency
of O�ed�� pairs of values is checked� In addition� whatever is the pair of values
��i� a�� �j� b�� and k � X linked to both i and j� each value of Dk is checked
by IsPathConsistent at most once to determine if it is the smallest support
of ��i� a�� �j� b�� in Dk� Thus� the worst case time complexity of Max�RPC is
O�end��� Although the worst case time complexity of the best path consistency
algorithm �PC�
 �		�� is O�n�d��� enforcing Max�RPC is really less expensive
than achieving PC� Indeed� the number of constraints e can be far from n� on
sparse CNs� Furthermore� Max�RPC looks for only one path consistent support
for each value on each constraint� So� although in the worst case the path con�
sistency of O�ed�� pairs of values has to be checked� Max�RPC will check much
less than this upper bound in practice�

A value �i� a� has at most one current support on each constraint Cij and the
size of the SACjb lists is O�ed�� For each value �j� b� currently supporting �i� a��

��i� a�� �j� b�� is in at most one SPCkc list for each is k � X linked to both i and
j� Therefore� the size of the SPC data structure is O�end� and the worst case
space complexity of Max�RPC is O�end��

	 Experimental evaluation

The generator of the section � has been used to evaluate the e�ciency of RPC	�
RPC� and Max�RPC� All the generated CNs have 	

 variables and �
 values
in each initial domain� Fig�� shows the results for both relatively sparse and
dense CNs� For each tightness� �

 instances were generated and �g�� presents
mean values� To give an evaluation of the space required� we sum the number of
counters used and the e�ective maximal size of each list used�

On dense CNs RPC� outperforms RPC	 in cpu time� On sparse CNs� RPC�
requires less cpu time than RPC	� but when the lists of supported values of
RPC	 are very short and when the path consistency of many pairs of values has
to be checked� RPC	 can outperform RPC�� Such a situation arise for tightness
between 
��� and 
��� at density 
�
�� But if the path consistency of many pairs
of values has to be checked to enforce RPC in a more dense CN� the size of
the lists of supported values of RPC	 is more important and RPC� outperforms
RPC	� This can be observed for tightness greater than 
��
 at density 
��
 where
the non optimal worst case time complexity of RPC	 is a real drawback� RPC�
always signi�cantly overcomes RPC	 if we consider the number of constraint
checks and list checks performed� or the space required�

Obviously in dense CNs� enforcing Max�RPC can be much more expensive
than achieving RPC� But Max�RPC is stronger than RPC� and as soon as Max�
RPC detects many inconsistent values it becomes less expensive than RPC�� In
addition� the seven seconds required for tightness 
�� at density 
��
 remain very
small when compared to the twenty one minutes required to enforce singleton
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Fig� 	� Comparison of RPC	� RPC� and Max�RPC on random CNs with n�	


and d��


arc consistency at tightness 
�
� and the �ve hours required to achieve path
consistency at tightness 
�
�� This shows that the average time complexity of
Max�RPC is far from its O�end�� worst case time complexity� Moreover� Max�
RPC has the same worst case space complexity as RPC	 or RPC�� and although
it requires more space than RPC�� on all the generated CNs RPC	 is more
expensive in space than Max�RPC�


 Conclusion

In this paper we have extended restricted path consistency to k�RPC and Max�
RPC� These new local consistencies are more pruningful than RPC while avoiding
the drawbacks of path consistency� Two new algorithms have been proposed� A
RPC algorithm called RPC� with an O�end�� worst case time complexity� and a



Max�RPC algorithm based on AC�� with an O�end�� worst case time complexity�
both having an O�end� worst case space complexity� An experimental evaluation
shows that RPC� has better cpu time performances and performs less constraint
checks than RPC	� Moreover� these experiments highlight that Max�RPC has
good average cpu time performances in spite of its O�end�� worst case time
complexity and although it detects much more inconsistent values than RPC�
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