
Removing more values than Max�restricted path

consistency for the same cost

Romuald Debruyne

LIRMM �UMR ���� CNRS�
��� rue Ada

���	
 Montpellier Cedex � � France
Email� debruyne�lirmm�fr

Rapport de recherche �����

Abstract� Filtering techniques are essential to e
ciently look for a so�
lution in a constraint network �CN�� They remove some local inconsisten�
cies and so reduce the search space� However� a given local consistency
has to be not too expensive if we want to use it to e
ciently prune the
search tree during search� Hence� for a long time it has been considered
that the best choice is the limited local consistency achieved by forward
checking ���� ���� However� more recent works ���� �� ��� show that main�
taining arc consistency �which is a more pruningful local consistency�
during search outperforms forward checking on hard and large constraint
networks� It is very likely that maintaining an even more pruningful local
consistency may pay o� on very hard problems� A comparison of the local
consistencies more pruningful than arc consistency that can be used on
large CNs has been done in ���� The conclusion of this work is that Max�
restricted path consistency �Max�RPC� ���� is one of the most promising
local consistencies� It deletes far more values than arc consistency with
reasonable cpu time requirements� For all the local consistencies more
pruningful than Max�RPC� there exists CNs on which achieving them is
really prohibitive� In this paper we show that Max�RPC is not the limit
we have to do not exceed to guarantee a reasonable cpu time� We pro�
pose a new �ltering algorithm� called Max�RPCEn�� which prunes more
values than an algorithm achieving Max�RPC� It requires less constraint
checks than Max�RPC�� the Max�RPC algorithm proposed in ���� and
has almost the same cpu time requirements�

� Introduction

Finding a solution in a constraint network �CN� involves looking for an assign�
ment of values for the problem variables so that all the constraints are simulta�
neously satis�ed� This task is NP�hard� and to avoid a combinatorial explosion�
the search space has to be reduced by �ltering techniques� which remove some
local inconsistencies� Obviously� a given local consistency can advantageously
be maintained during search only if it requires less cpu time to detect that a
branch of the search tree does not lead to any solution than a search algorithm



to explore this branch� For a long time� the only practicable local consistency
was arc consistency �AC� namely ��consistency or ��� ���consistency in the for�
malism of 	�
��� Indeed� higher levels of k�consistency� such as path consistency
�k�
�� are so expensive that they can be used only on very small CNs� In the
last three years� new local consistencies have been proposed and a comparison
of those that can be used on large CNs have been done in 	�� considering both
their pruning e�ciency and the time required to achieve them� The conclusion
of this comparison is that Max�RPC 	�� is one of the most worthwhile local con�
sistencies� This local consistency is far more pruningful than arc consistency and
although Max�RPC� �the Max�RPC algorithm proposed in 	��� has a worst case
time complexity close to the one of the best path consistency algorithm� exper�
iments in 	�� �� show that Max�RPC� has good cpu time performances� These
experiments show also that the cpu time required to enforce the local consisten�
cies more pruningful than Max�RPC� such as neighborhood inverse consistency
	��� and singleton consistencies 	��� is not of the same order of magnitude� In
this paper we show that Max�RPC is not the limit we have to do not exceed to
guarantee a reasonable cpu time� We propose a new �ltering algorithm called
Max�RPCEn�� A pruning e�ciency study shows that it is signi�cantly more
pruningful than an algorithm achieving Max�RPC� Furthermore� experiments
highlight that Max�RPCEn� requires less constraint checks than Max�RPC��
and is e�cient in time�

� De�nitions and notations

A network of binary constraints P � �X � D� C� is de�ned by a set X � fi� j� � � � g
of n variables � each taking value in its respective �nite domain Di� Dj � � � �

elements of D and a set C of e binary constraints� d is the size of the largest
domain� A binary constraint Cij is a subset of the Cartesian product Di �Dj

that denotes the compatible pairs of values for i and j� We note Cij�a� b� � true

to specify that ��i� a�� �j� b�� � Cij � We then say that �j� b� is a support for
�i� a� on Cij � Checking whether a pair of value is allowed by a constraint is
called a constraint check� With each CN we associate a constraint graph in which
nodes represent variables and arcs connect pairs of variables that are constrained
explicitly� c is the number of 
�cliques in the constraint graph� The neighborhood

of i is the set of variables linked to i in the constraint graph� An instantiation of
a set of variables S is a set of value assignments fIjgj�S � one for each variable
belonging to S s�t� �j � S� Ij � Dj � An instantiation I of S satis�es a constraint
Cij if fi� jg �� S or Cij�Ii� Ij� is true� An instantiation is consistent if it satis�es
all the constraints� A pair of values ��i� a�� �j� b�� is path consistent if for
all k � X s�t� j �� k�� i��j� this pair of values can be extended to a consistent
instantiation of fi� j� kg� Checking whether a pair of values is path consistent
is called a path consistency check� �j� b� is a path consistent support for �i� a� if
�a� b� � Cij and ��i� a�� �j� b�� is path consistent� A solution of P � �X � D� C�
is a consistent instantiation of X � A value �i� a� is consistent �or completable



	���� if there is a solution I such that Ii � a� and a CN is consistent if it has at
least one solution�

� From arc consistency to conservative path consistency

Let us recall that a k�consistency algorithm removes the instantiations of length
k � � that cannot be extended to a consistent instantiation including any addi�
tional kth variable� So� an arc consistency algorithm �k � �� deletes the values
that have not at least one compatible value �a support� on each constraint�
Higher levels of k�consistency� such as path consistency �PC� k � 
�� are so
expensive that they can be used only on very small CNs� A path consistency
algorithm has to try to extend all the pairs of values� even those between two
variables that are not linked by a constraint� to any third variable� Thus� even
the most e�cient PC algorithms 	�� ��� are prohibitive� Obviously� enforcing an
higher level of k�consistency is even more expensive� Furthermore� if k � � a k�
consistency algorithm changes the structure of the network� Indeed� constraints
involving k � � variables may have to be added to store the deletion of the
�k � ���inconsistent instantiations� To avoid these important drawbacks� a re�
stricted path consistency algorithm �RPC� 	��� performs only the most pruningful
path consistency checks� namely those that can directly lead to the deletion of a
value� and it deletes only values in order to keep unchanged the structure of the
network� In addition to AC� an RPC algorithm checks the path consistency of
the pairs of values ��i� a�� �j� b�� such that �j� b� is the only support for �i� a�
in Dj � If such a pair of values is path inconsistent� its deletion would lead to
the arc inconsistency of �i� a�� and thus �i� a� can be removed� So� these few
path consistency checks allow to remove more values than arc consistency while
leaving unchanged the set of constraints� We can extend the idea of RPC to
remove more values by checking the existence of a path consistent support on a
constraint not only for the values that have only one support on this constraint
as in RPC� but also for the values having at most k supports on this constraint
�k�restricted path consistency� k�RPC 	���� or for all the values� whatever is the
number of supports they have �Max�restricted path consistency�� Considering
the pruning e�ciency� Max�RPC is an upper bound for k�RPC and a Max�RPC
algorithm removes all the k�restricted path inconsistent values for all k� How�
ever� we can delete even more values than Max�RPC� still without adding any
constraint in the network�

The limit in terms of pruning e�ciency of checking the path consistency of
pairs of values while keeping the structure of the network is conservative path
consistency �CPC�� CPC is the restriction of strong path consistency �a strong
PC algorithm enforces both arc and path consistency� to the explicit constraints
of the network� If there is no constraint between two variables i and j� any pair
of values ��i� a�� �j� b�� is conservative path consistent� If i and j are linked by
a constraint Cij � C� a pair of values ��i� a�� �j� b�� allowed by this constraint is
conservative path consistent if� and only if� for any third variable k � X linked
to both i and j� ��i� a�� �j� b�� can be extended to a consistent instantiation



� A binary CN is �i� j��consistent i� �i�X � Di �� � and any consistent instantia�
tion of i variables can be extended to a consistent instantiation including any j

additional variables�
� A domain Di is arc consistent i�� �a�Di� �j�X s�t� Cij �C� there exists b�Dj

s�t� Cij�a� b�� A CN is arc consistent ���� ���consistent� i� �Di �D� Di �� � and
Di is arc consistent�

� A pair of variables �i� j� is path consistent i� ��a� b��Cij� �k � X � there exists
c�Dk s�t� Cik�a� c� and Cjk�b� c�� A CN is path consistent ��
� ���consistent� i�
�i� j�X � �i� j� is path consistent�

� A binary CN is strongly path consistent i� it is node consistent� arc consistent and
path consistent�

� A binary CN is restricted path consistent i�
�i�X � Di is a non empty arc consistent domain and�
��i� a��D� �j�X s�t� �i� a� has only one support b in Dj �
for all k�X linked to both i and j�
�c�Dk s�t� Cik�a� c� �Cjk�b� c��

� A binary CN is max restricted path consistent i�
�i�X � Di is a non empty arc consistent domain and�
��i� a��D� for all j�X linked to i�
�b�Dj s�t� Cij�a� b� and for all k�X linked to both i and j�
�c�Dk s�t� Cik�a� c� �Cjk�b� c��

� A pair of values ��i� a�� �j� b�� such that there is no constraint Cij � C is conser�
vative path consistent� If �Cij � C� a pair of values ��i� a�� �j� b�� is conservative
path consistent i� Cij�a� b� and �k � X linked to both i and j� �c � Dk s�t�
Cik�a� c� � Cjk�b� c�� A constraint Cij � C is conservative path consistent i� all
the pairs of values ��i� a�� �j� b�� s�t� Cij�a� b� are conservative path consistent�
A CN is conservative path consistent i� ��i� a� � D� �i� a� is arc consistent and
�Cij � C� Cij is conservative path consistent�

Fig� �� The mentioned local consistencies

including k� A constraint network is conservative path consistent i� it is arc con�
sistent and all the pairs of values allowed by the constraints explicitly present in
the network are conservative path consistent �see Fig� ��� We can remark that
the deletion of an arc inconsistent value can make conservative path inconsistent
a pair of values� and conversely� the deletion of a pair of values can make arc
inconsistent some values� Fig� � shows an example� On this CN� all the pairs of
values are conservative path consistent� However� enforcing AC removes ��� c�
and ��� c�� and these deletions leads to the conservative path inconsistency of all
the pairs of values between ��� b�� ��� c�� �
� a�� ��� b�� ��� a�� and ��� c�� The dele�
tion of these pairs of values� at their turn� makes arc inconsistent the values ��� b�
and ��� a�� So� a CPC algorithm cannot be composed of two independent steps�
removing �rst the conservative path inconsistent pairs of values and then the
arc inconsistent values �or in reverse order�� Furthermore� the behavior of CPC
is dependent on the structure of the constraint graph� If two variables i and j

are not neighbors� we can add an universal constraint allowing all the pairs of
values �a� b� � Di �Dj between i and j� The resulting CN is equivalent to the
initial one since it has the same set of solutions� However� a CPC algorithm can
delete more values if we add universal constraints between variables that are not



The domain of a variable.  an allowed pair of values....

Fig� �� A CN on which the deletion of arc inconsistent values makes conservative
path inconsistent some pairs of values and conversely�

neighbors� Obviously� this process increases the time complexity� On complete
constraint networks� CPC is equivalent to strong path consistency� Therefore�
CPC is more pruningful than Max�RPC �see Section �� and does not change the
structure of the network� but on complete constraint networks it is as expensive
as strong path consistency� Furthermore� in real applications� a constraint is sel�
dom represented by a Boolean matrix or a set of compatible pairs of values� They
are often represented by a predicate which has a particular semantics ������ �����
Enforcing CPC leads to the generation of the Boolean matrix to store the dele�
tion of the conservative path inconsistent pairs of values and the semantics of
the constraints is lost� The drawbacks of CPC are too important� and enforcing
it is too expensive to be worthwhile� So� in the following� we study the pruning
e�ciency of CPC� but we do not try to know the cpu time required to achieve
it�

To avoid the drawbacks of CPC while removing more values than an al�
gorithm achieving Max�RPC� the new �ltering algorithm proposed in the next
section� called Max�RPCEn�� does not try to check the conservative path consis�
tency of all the pairs of values� Max�RPCEn� does not delete any pair of values
and it performs more value deletions than an algorithm achieving Max�RPC
only when the enforcement of Max�RPC allows it to detect some conservative
path inconsistent values�

� Max�RPCEn�

��� Bases of the algorithm

Max�RPCEn� is an improvement on Max�RPC�� Max�RPC� is based on the
idea of AC� 	�� which is a very e�cient arc consistency algorithm but that does
not use the bidirectionality of the constraints� namely the property that a value
�i� a� is a support of another value �j� b� if and only if �j� b� is a support for



�i� a�� Like AC� 	
�� Max�RPCEn� uses this property of the constraints to infer
the existence� or the non�existence of supports� This substantially reduces the
number of constraint checks and the cpu time required to enforce the local con�
sistency on most of the CNs� Since all the constraints of a CN are bidirectional�
if we �nd that a value �j� b� is a support for �i� a�� we can infer that �i� a�
is a support for �j� b�� Furthermore� if we have found that �i� a� is not com�
patible with any value lower than b in Dj � it is useless to check whether �i� a�
is compatible with �j� b�� �with b� � b� when we look for a support for �j� b��
in Di� Taking advantage of the bidirectionality to achieve Max�RPC leads to
even more savings than during the enforcement of AC� Indeed� �j� b� is a path
consistent support for �i� a� if and only if �j� b� is a path consistent support
for �i� a�� So� the bidirectionality of the constraints allows to infer some path
consistent supports� This not only avoids some constraint checks� but also some
path consistency checks�

The second improvement of Max�RPCEn� on Max�RPC� is an enhancement
of the pruning e�ciency� We say that a pair of values ��i� a�� �j� b�� is valid

path consistent if for all the 
�cliques fi� j� kg of the constraint graph there
exists a value c � Dk compatible with both �i� a� and �j� b� such that Max�
RPCEn� has not found the conservative path inconsistency of ��i� a�� �k� c��
or ��j� b�� �k� c��� A value �j� b� is a valid path consistent support for �i� a�
if �j� b� is compatible with �i� a� and ��i� a�� �j� b�� is valid path consistent�
The values deleted by Max�RPCEn� are those that do not have any valid path
consistent support on a constraint� So� Max�RPCEn� removes the Max�restricted
path inconsistent values and some of the conservative path inconsistent values�
The data structure that allows Max�RPCEn� to detect the conservative path
inconsistency of some pairs of values is the array of counters M � Mija � b

if there is no valid path consistent support of �i� a� in Dj lower than b� To
know whether a pair of value ��i� a�� �j� b�� allowed by a constraint Cij is
path consistent w�r�t� a third variable k linked to both i and j� we have to
look for a value c � Dk that is compatible with �i� a� and �j� b�� However�
even if such a value c exists� a CPC algorithm can delete ��i� a�� �j� b�� if
��i� a�� �k� c�� or ��j� b�� �k� c�� is conservative path inconsistent� If a support
c � Dk of �i� a� is lower than Mika or if a � Mikc then ��i� a�� �k� c�� is
conservative path inconsistent� This is the property used by Max�RPCEn� to
detect some conservative path inconsistent pairs of values� Therefore� a pair of
values ��i� a�� �j� b�� is valid path consistent if for all the 
�cliques fi� j� kg
of the constraint graph there exists a value c � Dk compatible with both �i� a�
and �j� b� such that �c �Mika� 	 �c �Mjkb� 	 �a �Mkic� 	 �b �Mkjc��

��� The Algorithm

The data structures of Max�RPCEn� are�

� each initial domain is considered as the integer range ���jDij� The current
domain is represented by a table of booleans� We use the following constant
time functions and procedures to handle the current domain�



procedure Max�RPCEn����
� DeletionList � �� InitList � ��
� forall �i� a� � D do

� SPCia � ��
� forall Cij � C do

� Sija � ��Mija � nil� InitList � InitList � f	�i� j�� a�
g�
� forall Cij � C s�t� i � j do

 Common	Cij
 � ��
� forall Cjk � C do

� if �Cik � C then Common	Cij 
� Common	Cij
 � fkg�
�� Common	Cji
 � Common	Cij
�
�� while IniList �� � or DeletionList �� � do
�� if DeletionList �� � then
�� choose and delete �i� a� from DeletionList�
�� PropagDeletion�i� a� DeletionList��
�� else

�� choose and delete 	�i� j�� a
 from InitList�
�
 if �i� a� � D and not HasAV alidPCSupport�i� a� j� then
�� remove�Di� a��DeletionList � DeletionList � f�i� a�g�

procedure PropagDeletion�j� b� in out DeletionList��
� while Sjb �� � do
� choose and delete �i� a� from Sjb�
� if a � Di and not HasAV alidPCSupport�i� a� j� then
� remove�Di� a�� DeletionList � DeletionList � f�i� a�g�
� while SPCjb �� � do

� choose and delete ��i� a�� �k� c�� from SPCjb �

 if a � Di and c � Dk and a � Skic then

� b� � b�
� if IsV alidPathConsistent�i� a� k� c� j� b�� then

�� SPC
jb�

� SPC
jb�

� f��i� a�� �k� c��g�

�� else

�� remove a from Skic�
�� if c � Sika then

�� remove c from Sika�
�� if not HasAV alidPCSupport�k� c� i� then
�� remove�Dk � c��DeletionList � DeletionList � f�k� c�g�
�
 if not HasAV alidPCSupport�i� a� k� then
�� remove�Di� a��DeletionList � DeletionList � f�i� a�g�

Fig� 
� Max�RPCEn��


 next�Di� nil� returns the smallest value ofDi if Di �� � and� otherwise�
next�Di� a� with a �� nil returns the smallest value in Di greater than
a if a is not the greatest value of Di� and � otherwise�


 remove�Di� a� removes the value a from Di�

� A value a is in Sjib if �i� a� is currently supported by �j� b� i�e� b is the
current valid path consistent support of �i� a� on Cij � In other words� Sjib is
the set of the values that may no longer have a valid path consistent support
in Dj if we delete �j� b�� Sjb is the set of the values �i� a� such that a � Sjib
for some Cij � C� If Sjib �� �� first�Sjib� returns the �rst value in Sjib and
� otherwise�

� To take advantage of the bidirectionality of the constraints and to detect
the conservative path inconsistency of some pairs of values� Max�RPCEn�
uses the array M � Mija � b if �b� � Dj s�t� b� � b� �j� b�� is not a valid
path consistent support for �i� a�� namely �j� b�� is not compatible with
�i� a�� ��i� a�� �j� b��� is path inconsistent� or Max�RPCEn� has found the
conservative path inconsistency of ��i� a�� �j� b����



function HasAV alidPCSupport�i� a� j� � boolean�
� while Sija �� � do
� b� first�Sija�
� if b �� Dj then remove b from Sija
� else Sjib � Sjib � fag� return true�
� Mija � next�Dj � Mija��
� while Mija �� 	 do


 if �a � MjiMija
� and �Cij�a� Mija�� then

� V alidPC � true�
� forall k � Common	Cij 
 while V alidPC do

�� c� nil�
�� if IsV alidPathConsistent�i� a� j� Mija� k� c� then CS	k
 � c�
�� else V alidPC � false�
�� if V alidPC then

�� SjiMija
� SjiMija

� fag�

�� forall k � Common	Cij 
 do
�� SPC

kCS�k� � SPC
kCS�k� � f��i� a�� �j� Mija��g�

�
 return true�
�� Mija � next�Dj �Mija��
�� return false�

function IsV alidPathConsistent�i� a� j� b� k� in out c� � boolean�
� if �Mika � Mjkb� then
� if Mika � Dk then

� c� Mika� return true�
� else c� max�c� Mika��
� else c� max�c� Mika� Mjkb��
� if c �� Dk then c� next�Dk� c��

 while c ��	 do

� if �a 
 Mkic� � �b 
Mkjc� � �Cik�a� c�� � �Cjk�b� c�� then return true�
� c� next�Dk� c��
�� return false�

Fig� �� The functions used by Max�RPCEn��

� If ��i� a�� �j� b�� � SPCkc and �a � Di 	 b � Dj�� b is the current valid
path consistent support of �i� a� in Dj and �k� c� is currently supporting
��i� a�� �j� b��� i�e� �k� c� is such that �Cik�a� c� 	 Cjk�b� c�� and Max�
RPCEn� has not found that ��i� a�� �k� c�� or ��j� b�� �k� c�� are conservative
path inconsistent� So� SPCkc is the set of the pairs of values that may be no
longer valid path consistent w�r�t� k if we delete �k� c��

� Common	Cij � is the set of the variables k that are linked to both i and j�
i�e� the variables k such that fi� j� kg is a 
�clique in the constraint graph�

� An arc�value pair 	�i� j�� a� is in InitList if Max�RPCEN� has not yet
checked whether �i� a� has a valid path consistent support in Dj � A value
�j� b� is in DeletionList if b has been removed from Dj but this deletion has
not been propagated yet�

For each arc�value pair 	�i� j�� a� Max�RPCEn� �see Fig� 
� uses the func�
tion HasAV alid�PCSupport �Fig� �� to know whether �i� a� has a valid path
consistent support on Cij � This function tries �rst �lines � to �� to infer a valid
path consistent support looking for an undeleted value in Sija� i�e� in the list of
the values supported by �i� a� on Cij � If no valid path consistent support can
be inferred� Max�RPCEn� goes on with its search looking for the smallest valid
path consistent support in Dj � The array M allows to reduce the number of
constraint checks performed� HasAV alidPCSupport does not check �j� Mija�
�see line �� because it is not a valid path consistent support for �i� a�� Indeed�
if it is the �rst time that HasAV alidPCSupport is called for the pair arc value



	�i� j�� a�� Mija � nil� otherwise HasAV AlidPCSupport has been called by
PropagDeletion �Fig� 
� because the current valid path consistent support of
�i� a� on Cij has been deleted and �j� Mija� is no longer in Dj � Furthermore�
by de�nition of Mija� there is no valid path consistent support of �i� a� in Dj

lower than Mija� So� if �i� a� has a valid path consistent support in Dj � it is
greater than Mija� Furthermore� if b � Dj is a valid path consistent support for
�i� a�� a � Mjib since if a � Mjib �i� a� is not a valid path consistent support for
�j� b� and if a �Mjib� b would have been found in Sija� IsV alidPathConsistent
�Fig� �� is used to know whether a pair of values ��i� a�� �j� b�� is valid path
consistent w�r�t� a third variable k� This function looks for the smallest value
c in Dk supporting ��i� a�� �j� b��� namely such that ��i� a�� �k� c�� and
��j� b�� �k� c�� are allowed pairs of values not detected conservative path in�
consistent by Max�RPCEn�� If we say that a value c � Dk supports the pair
of values ��i� a�� �j� b�� if it is compatible with both �i� a� and �j� b� and
if it is such that �c � Mika� 	 �c � Mjkb� 	 �a � Mkic� 	 �b � Mkjc�� then
IsV alidPathConsistent�i� a� j� b� k� c� looks for the smallest value c � Dk

supporting ��i� a�� �j� b��� If at the call of this function the parameter c is not
nil� c is the value of Dk that was supporting ��i� a�� �j� b��� and so� no value
lower than c in Dk supports ��i� a�� �j� b��� This allows to never check a value
of Dk twice to know whether ��i� a�� �j� b�� is valid path consistent w�r�t� k�
If Mika � Mjkb and Mika � Dk� IsV alidPathConsistent infers that Mika sup�
ports ��i� a�� �j� b��� We could infer a support of ��i� a�� �j� b�� in Dk looking
for a value in �Sika 
 Sjkb 
Dk� but this is not cost e�ective�

If for all the 
�clique fi� j� kg a value c � Dk supporting ��i� a�� �j� b�� has
been found� a is added in Sjib to store that b is the current valid path consistent
support of �i� a� in Dj � and ��i� a�� �j� b�� is added in SPCkc to store that c
is currently supporting ��i� a�� �j� b��� Obviously� if �i� a� has no valid path
consistent support in Dj � �i� a� is deleted and Max�RPCEn� adds this value
in DeletionList to propag its deletion� PropagDeletion propagates the deletion
of the values of DeletionList� For each value �j� b� in DeletionList� we have
to delete all the values supported by �j� b� �the values of Sjb� that no longer
have any valid path consistent support in Dj � Furthermore� for all the pairs
of values ��i� a�� �k� c�� in SPCjb �the pairs of values that were supported by
�j� b��� PropagDeletion has to check whether ��i� a�� �k� c�� is still valid path
consistent w�r�t� j� If no supporting value can be found in Dj � �k� c� is no longer
a valid path consistent support for �i� a� and PropagDeletion has to look for
another valid path consistent support for �i� a� in Dk to know whether �i� a�
has to be deleted�

��� Complexity

To check whether a value a is in Skic �line � of PropagDeletion� and to re�
move this value from Skic �line ��� in constant time� we use in our implemen�
tation an array called SupportedBy such that SupportedByika is the current
valid path consistent support of �i� a� in Dk� and an array PtSupportedBy s�t�
PtSupportedByika points at the value a in Skic� where c is the current valid



path consistent support of �i� a� in Dk� The space required by these data struc�
tures is in O�ed� and so� they do not change the worst case space complexity of
Max�RPCEn� �see below��

The cost of the initialization of the data structures S� SPC � M � and InitList
�lines � to � of Max�RPCEn�� is in O�ed�� The time required to determine the

�cliques of the constraint graph �lines � to �
� is in O�en�� SinceHasAV alidPC�
Support removes from Sija the values that are no longer in Dj � the test of line 

is performed at most O�d� times for each arc�value pair� Furthermore� the value
ofMija �which never decreases� is increased at each step of the second loop �lines
� to ��� of HasAV alidPCSupport and if Mija has reached the last value of Dj �
Mija is set to � at line �� to stop the loop� Therefore� for each arc�value pair
	�i� j�� a�� and each value b � Dj � HasAV alidPCSupport checks at most once
whether �j� b� is a valid path consistent support for �i� a�� So� Max�RPCEn�
checks the valid path consistency of at most O�ed�� pairs of values� To know
whether a pair of value ��i� a�� �j� b�� is valid path consistent� for each 
�clique
fi� j� kg in the constraint graph� Max�RPCEn� calls IsV alidPathConsistent to
look for the smallest value c � Dk supporting ��i� a�� �j� b��� When IsV alidPath�
Consistent checks the valid path consistency of ��i� a�� �j� b�� w�r�t� k� it checks
only the values of Dk greater than the previous support of ��i� a�� �j� b�� in
Dk� So� for each support �j� b� of a value �i� a�� and each 
�clique fi� j� kg� a
value of Dk is checked at most once to know whether �j� b� is a valid path
consistent support for �i� a� w�r�t� k� Therefore� the complexity due to the
calls to IsV alidPathConsistent is O�cd�� where c is the number of 
�cliques
in the constraint graph� and the worst case time complexity of Max�RPCEn� is
O�en� ed� � cd���

The size of InitList is O�ed� since each arc�value pair is put in this list once�
When a value is deleted� it is put in DeletionList and it will not be put in this
list any more� So� the worst case space complexity of DeletionList is O�nd�� A
value a is in Sjib if �j� b� is the current valid path consistent support of �i� a��
Since Max�RPCEn� looks for only one valid path consistent support for each
value on each constraint� the size of the data structure S is in O�ed�� The data
structure M is an array of O�ed� counters� If a pair ��i� a�� �j� b�� is in SPCkc �
b is the current valid path consistent support of �i� a� in Dj � fi� j� kg is a

�clique� and �k� c� is currently supporting ��i� a�� �j� b��� The worst case space
complexity of the data structure SPC is O�cd� since for each value �i� a� � D

and each 
�clique fi� j� kg there is only one value c � Dk such that a pair
��i� a�� �j� ��� is in SPCkc and there is only one such a pair of values in SPCkc �
Therefore� the worst case space complexity of Max�RPCEn� is O�ed� cd��

Consequently� Max�RPCEn� has the same worst case time and space com�
plexities as Max�RPC��



� Pruning e�ciency

��� Qualitative study

We call Max�restricted path consistency enhanced �Max�RPCEn� the local con�
sistency achieved by Max�RPCEn�� Like directional arc consistency 	��� which
depends on the variable ordering used� Max�RPCEn depends on the orderings
used to handle the domains� InitList� and DeletionList� In the following exper�
iments� the arc�value pairs of InitList are checked in the lexicographic order and
DeletionList is a �Last In� First Out� list� To compare the pruning e�ciency
of Max�RPCEn to the one of the other practicable local consistencies� we use
the transitive relation �stronger� introduced in 	��� A local consistency LC is
stronger than another local consistency LC � if in any CN in which LC holds�
LC � holds too� Consequently� if LC is stronger than LC �� any algorithm achiev�
ing LC deletes at least all the values removed by an algorithm achieving LC ��
A local consistency LC is strictly stronger than another local consistency LC �

if LC is stronger than LC � and there is at least one CN in which LC � holds and
LC does not� In this section we compare the pruning e�ciency of Max�RPCEn
and conservative path consistency to the one of AC� RPC� k�RPC� Max�RPC�
path inverse consistency �PIC� 	����� neighborhood inverse consistency �NIC�
	����� singleton arc consistency �SAC� 	���� singleton restricted path consistency
�SRPC� 	���� and strong path consistency �strong path consistency 	�� ��� can
be used only on very small CNs but we compare it with the practicable local
consistencies because it has been widely studied��

Theorem �� Max�restricted path consistency enhanced is strictly stronger than

Max�RPC�

Proof� Let �i� a� be any Max�restricted path inconsistent value in a CN P � There
is a constraint Cij on which �i� a� has no path consistent support� Since to be a
valid path consistent support for �i� a�� a value �j� b� has to be a path consistent
support� �i� a� has no valid path consistent support on Cij and any Max�RPCEn
algorithm deletes this max�restricted path inconsistent value� So� Max�RPCEn
is stronger than Max�RPC� Furthermore� Fig� �e shows a Max�restricted path
consistent CN on which Max�RPCEn does not hold �if Max�RPCEn� uses the
lexicographic order to handle InitList�� Max�RPCEn� looks for a valid path
consistent support for ��� a� in D�� ��� a� does not support ��� a�� ��� b� is a
support for ��� a� but ���� a�� ��� b�� is not path consistent w�r�t� �� Then� Max�
RPCEn� �nds that ��� c� is a valid path consistent support for ��� a� and sets
M��a to c� After that Max�RPCEn� has found a valid path consistent support
for ��� a� in D� and another in D�� it �nds a support for ��� b�� ��� a�� ��� b��
and ��� c� on all the constraints� Then� it checks whether �
� a� has to be
deleted� Max�RPCEn� checks whether ��� a� is a valid path consistent support
for �
� a�� ��� a� is compatible with �
� a� but when Max�RPCEn� checks
whether ���� a�� �
� a�� is valid path consistent w�r�t� �� it starts its search at
c �Max�M��a� M��a��� Therefore� Max�RPCEn� �nds that ��� a� is not a valid



path consistent support for �
� a� and since ��� b� is not compatible with �
� a��
Max�RPCEn� deletes �
� a�� Consequently� Max�RPCEn is stronger than Max�
RPC and since Fig� �e shows a CN on which Max�RPC holds and Max�RPCEn
does not� Max�RPCEn is strictly stronger than Max�RPC� ut

Theorem �� Conservative path consistency is strictly stronger than Max�restricted

path consistency enhanced�

Proof� Let �i� a� be any value removed by a Max�RPCEn algorithm� There is a
constraint Cij on which �i� a� has no valid path consistent support� If �i� a� does
not have any support in Dj � �i� a� is arc inconsistent and any CPC algorithm
deletes it� Otherwise� for any support �j� b� of �i� a�� there is a variable k linked
to both i and j such that for any c � Dk� ��i� a�� �k� c�� or ��j� b�� �k� c�� is
conservative path inconsistent� Therefore� whatever is the support �j� b� of �i� a��
��i� a�� �j� b�� is conservative path inconsistent� So� a CPC algorithm removes
all the pairs of values ��i� a�� �j� b�� such that �j� b� is a support of �i� a� on Cij �
This makes arc inconsistent �i� a� and a CPC algorithm removes it� So� a CPC
algorithm removes all the values deleted by a Max�RPCEn algorithm and CPC
is stronger than Max�RPCEn� Furthermore� Fig� �e shows a conservative path
inconsistent CN on which Max�RPCEn� does not delete any value if the arc�
value pair 	��� ��� a� is after 	�
� ��� a� in the ordering used to handle InitList�
The pair of values ���� a�� ��� b�� is not conservative path consistent and its
deletion leads to the conservative path inconsistency of ���� a�� �
� a��� So� a
CPC algorithm deletes this two pairs of values and �
� a� since the deletion of
���� a�� �
� a�� leads to the arc inconsistency of �
� a�� If we consider an ordering
on the arc�value pairs of InitList such that 	��� ��� a� is after 	�
� ��� a�� then
Max�RPCEn� does not delete �
� a�� Indeed� with such an ordering� when Max�
RPCEn� looks for a valid path consistent support for �
� a� in D�� it has not
yet found the conservative path inconsistency of ���� b�� ��� a�� and it �nds that
��� a� is a valid path consistent support for �
� a�� So� on the CN of Fig� �e�
Max�RPCEn� does not delete the conservative path inconsistent value �
� a��
and since CPC is stronger than Max�RPCEn� CPC is strictly stronger than
Max�RPCEn� ut

Theorem �� Neighborhood inverse consistency is not stronger than Max�restricted

path consistency enhanced�

Proof� Fig� �c shows a neighborhood inverse consistent CN on which Max�
RPCEn does not hold� All the values of this CN are neighborhood inverse
consistent� However� Max�RPCEn� deletes ��� b� if the lexicographic order is
used to handle InitList� With this ordering� Max�RPCEn� �nds that ��� a� is
a valid path consistent support for ��� a� in D� and then� it looks for a valid
path consistent support for ��� a� in D�� �
� a� is compatible with ��� a� but
���� a�� �
� a�� is not path consistent� So� Max�RPCEn� checks �
� b�� It �nds
that it is a valid path consistent support for ��� a� and set M��a to b� Then�



Max�RPCEn� �nds that ��� a� is a valid path consistent support for ��� a� and
it proves the Max�restricted path consistency enhanced of ��� b� and ��� a��
When Max�RPCEn� checks whether ��� a� is a valid path consistent support
for ��� b�� it checks the valid path consistency of ���� a�� ��� b�� w�r�t� 
 starting
at b �max�M��a� M��b��� So� it �nds that ��� a� is not a valid path consistent
support for ��� b�� Since ��� b� is not a valid path consistent support for ��� b�
too� Max�RPCEn� deletes the neighborhood inverse consistent value ��� b�� ut

Theorem �� Neighborhood inverse consistency is not stronger than conservative

path consistency�

Proof� Conservative path consistency is strictly stronger than Max�RPCEn and
the stronger relation is transitive� So� if we assume that NIC is stronger than
CPC� we can conclude that NIC is stronger than Max�RPCEn� which contradicts
Theorem 
� ut

Theorem �� Conservative path consistency is not stronger than neighborhood

inverse consistency�

Proof� The CN of Fig� �d is conservative path consistent� However� the value
��� a� of this CN is neighborhood inverse inconsistent� ut

Theorem �� Max�restricted path consistency enhanced is not stronger than neigh�

borhood inverse consistency�

Proof� Conservative path consistency is strictly stronger than Max�RPCEn and
the stronger relation is transitive� So� if we assume that Max�RPCEn is stronger
than NIC� we can conclude that NIC is stronger than conservative path consis�
tency� which contradicts Theorem �� ut

Theorem 	� Singleton arc consistency is not stronger than Max�restricted path

consistency enhanced�

Proof� Fig� �b shows a CN that is singleton arc consistent� However� if the lex�
icographic order is used to handle InitList� Max�RPCEn� deletes ��� b�� Max�
RPCEn� �nds a valid path consistent support for ��� a� on all the constraints�
and it �nds that ��� a� is a valid path consistent support for ��� b�� When Max�
RPCEn� looks for a valid path consistent support for ��� b� in D�� if �nds the
path inconsistency of ���� b�� �
� a�� and that �
� b� is not compatible with
��� b�� Then� it �nds that �
� c� is a valid path consistent support for ��� b� and
setsM��b to c� After it has proved the max�restricted path consistency enhanced
of ��� b� w�r�t� C�� and the one of ��� c� w�r�t� C��� Max�RPCEn� looks for a
valid path consistent support for ��� c� in D�� It �nds that �
� a� is not compat�
ible and that ���� c�� �
� b�� is not path consistent� Then� it �nds that �
� c� is a



valid path consistent support for ��� c� and sets M��c to c� Max�RPCEn� �nds
a valid path consistent support for ��� c� in D� and proves the max�restricted
path consistency enhanced of ��� a�� Then Max�RPCEn� looks for a valid path
consistent support for ��� b� in D�� ��� a� is not compatible with ��� b�� When
Max�RPCEn� checks the valid path consistency of ���� b�� ��� b�� w�r�t� 
� it
starts it search at c �max�M��b�M��b�� and since �
� c� is not compatible with
��� b�� Max�RPCEn� �nds that ��� b� is not a valid path consistent support
for ��� b�� Similarly� when Max�RPCEn� checks the valid path consistency of
���� c�� ��� b�� w�r�t� 
� it starts it search at c �max�M��c�M��b�� and since �
� c�
is not compatible with ��� b�� Max�RPCEn� �nds that ��� c� is not a valid path
consistent support for ��� b�� Therefore� ��� b� does not have any valid path
consistent support in D� and Max�RPCEn� deletes it� ut

Theorem 
� Singleton arc consistency is not stronger than conservative path

consistency�

Proof� Conservative path consistency is strictly stronger than Max�RPCEn and
the stronger relation is transitive� So� if we assume that SAC is stronger than
CPC� we can conclude that SAC is stronger than Max�RPCEn� which contradicts
Theorem �� ut

Theorem �� Conservative path consistency is not stronger than singleton arc

consistency�

Proof� A SAC algorithm deletes all the values of the conservative path consistent
CN of Fig� �a� ut

Theorem ��� Max�restricted path consistency enhanced is not stronger than

singleton arc consistency�

Proof� Conservative path consistency is strictly stronger than Max�RPCEn and
the stronger relation is transitive� So� if we assume that Max�RPCEn is stronger
than SAC� we can conclude that CPC is stronger than SAC� which contradicts
Theorem �� ut

Theorem ��� Conservative path consistency is not stronger than singleton re�

stricted path consistency�

Proof� Singleton restricted path consistency is strictly stronger than singleton
arc consistency 	�� and the stronger relation is transitive� So� if we assume that
conservative path consistency is stronger than singleton restricted path con�
sistency� we can conclude that CPC is stronger than SAC� which contradicts
Theorem �� ut
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Fig� �� Relations between the mentioned local consistencies�

Theorem ��� Singleton restricted path consistency is not stronger than conser�

vative path consistency�

Proof� A CPC algorithm deletes the value ��� a� of the singleton restricted path
consistent CN of Fig� �f� Indeed� a CPC algorithm deletes the pairs of values
���� b�� ��� d��� ���� b�� ��� c��� ���� b�� ��� c��� ���� a�� ��� b��� ���� a�� ��� c���
���� a�� ��� c��� ���� a�� �
� b��� ���� a�� ��� a��� and these deletions lead to the
arc inconsistency of ��� a� w�r�t� C��� ut

Fig� � summarizes the relations between the mentioned local consistencies�
There is an arrow from LC to LC � i� LC is strictly stronger than LC �� A crossed
line between two local consistencies means that they are not comparable w�r�t�
the stronger relation� A proof of these relations can be found in 	�� ��� and if a
local consistency LC is not stronger than another local consistency LC � �LC � is
strictly stronger than LC� or LC and LC � are not comparable�� a CN in which
LC holds and LC � does not� can be found in 	�� ���

The stronger relation does not induce a total ordering� Especially� CPC and
Max�RPCEn are not comparable to SAC� NIC and SRPC w�r�t� the stronger
relation� However� a local consistency LC can remove all the values deleted by
another local consistency LC � on most of the CNs� even thought it is incompa�
rable with LC � because of some particular CNs� Furthermore� Fig� � does not
show if a local consistency is far more pruningful than another or if it performs
only few additional value deletions�

��� Experimental evaluation

The experimental evaluation of this section shows how pruningful a local con�
sistency is on random CNs with a �xed number of variables and values� when
the number of constraints and the constraint tightness are changing� We used
the random uniform CN generator of 	�
�� It involves four parameters� n the
number of variables� d the common size of the initial domains� p� the proportion
of constraints in the network �the density p��� corresponds to the complete
graph� and p� the proportion of forbidden pairs of values in a constraint �the
tightness�� The generated problems have �
 variables and �� values in each do�
main� For each local consistency and each density p�� two particular values of
the tightness have been determined� T��p�� is the tightness such that the local
consistency does not delete any value on �
� of the CNs generated with p� for
density and T��p�� for tightness� Tall�p�� is the tightness such that the local
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consistency �nds the inconsistency of �
� of the CNs generated with tightness
Tall�p�� and density p�� For all the mentioned local consistencies� the values
T��p�� and Tall�p�� for any density p� are given in Fig� � and Fig� � respectively�
We also show these bounds for the variable completability �ltering 	���� which
removes the values that do not belong to any solution� and thus is the strongest
�ltering we can have when we limit �ltering to the domains� Many instances
have to be considered to determine the T� and Tall bounds� This explains that
the generated problems are relatively small�

On sparse random uniform CNs� conservative path consistency is less prunig�
ful than singleton arc consistency� but on more dense CNs� CPC has a better
pruning e�ciency than SAC� These two local consistencies removes almost all
the strong path inconsistent values� Obviously� on complete CNs� CPC is strong
path consistency� However� even on relatively sparse CNs� the T� and Tall bounds
of CPC and strong PC are very close� Compared to Max�RPC� Max�RPCEn is
a substantial enhancement w�r�t� the pruning e�ciency�

	 Time e�ciency

The same random uniform CN generator is used to compare the time e�ciency�
Fig� � shows the results on relatively sparse CNs having �


 variables and �

values in each initial domain� and Fig� �
 presents performances on complete
CNs with n��

 and d�

� For each tightness� �
 instances were generated�
and Fig� � and Fig� �
 show mean values obtained on a Pentium II���� Mhz
with �� Mo of memory under Linux�

The advantage of using Max�RPCEn� on sparse CNs is obvious� The bidirec�
tionality allows subtantial constraint check savings and although Max�RPCEn�
deletes more values than Max�RPC�� it requires less cpu time� There is �few�

�cliques in the constraint graph of these sparse CNs� and Max�RPC� and Max�
RPCEn� requires at most �
� seconds �On all the CNs generated with a tightness
lower than 
���� PC�� the PC algorithm presented in 	��� requires more than ��
hours��

On dense CNs� Max�RPCEn� still requires less constraint checks and list
checks than Max�RPC�� However� there is many 
�cliques in the constraint
graph� and Max�RPCEn� detects the conservative path inconsistency of many
pairs of values� Therefore� for each value �i� a� and each constraint Cij � Max�
RPCEn� checks more values of Dj to �nd a valid path consistent support for
�i� a� than Max�RPC� to �nd a path consistent support� So� Max�RPCEn� re�
quires more cpu time than Max�RPC� as long as it removes only few values�
However� the cpu time performances of Max�RPCEn� and Max�RPC� remain
of the same order of magnitude� and the improvement of the pruning e�ciency
is signi�cant on these complete CNs�
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 Conclusion

In this paper� we proposed two new local consistencies� conservative path consis�
tency and Max�restricted path consistency enhanced� A study of their pruning
e�ciency with the most practicable local consistencies showed that conservative
path consistency deletes less values than strong path consistency only on very
sparse constraint networks and that Max�RPCEn removes far more values than
Max�RPC� In addition to the pruning enhancement� Max�RPCEn�� the algo�
rithm presented to achieve Max�restricted path consistency enhanced� has cpu
time performances that remain comparable to those of Max�RPC�� and it re�
quires less constraint checks� It is therefore one of the most worthwhile �ltering
algorithms�

References

�� Berlandier� P�� Improving Domain Filtering using Restricted Path Consistency� In
proceedings of IEEE CAIA�	�� Los Angeles CA ��		��


� Bessi�ere� C�� Arc�consistency and arc�consistency again� Arti�cial Intelligence ��
��	��� ��	��	�

�� Bessi�ere� C�� Freuder� E�C�� R�egin� J�C�� Using inference to reduce arc�consistency
computation� In proceedings of IJCAI�	�� Montr�eal� Canada ��		�� �	
��	�

�� Bessi�ere� C�� R�egin� J�C�� MAC and Combined Heuristics� Two Reasons to Forsake
FC �and CBJ �� on Hard Problems� in proceedings of CP�	�� Cambridge� MA
��		�� �����

�� Chmeiss� A�� and J�egou� P�� Two New Constraint Propagation Algorithms Requir�
ing Small Space Complexity� in proceedings of ICTAI�	�� Toulouse� France ��		��

���
�	

�� Debruyne� R�� Bessi�ere� C�� Some Practicable Filtering Techniques for the Con�
straint Satisfaction Problem� In proceedings of IJCAI�	�� Nagoya� Japan ��		��
��
����

�� Debruyne� R�� Bessi�ere� C�� From Restricted Path Consistency to Max�Restricted
Path Consistency� In proceedings of CP�	�� Linz� Austria ��		�� ��
��
�

�� Debruyne� R�� Bessi�ere� C�� Which local consistency has to be used on large con�
straint networks�� Technical Report 	����� Montpellier� France ��		��

	� Dechter� R�� Pearl� J�� Network�Based Heuristics for Constraint�Satisfaction Prob�
lems� Artif� Intell� ����� ��	��� ����

��� Freuder� E�� A su
cient condition for backtrack�bounded search� Journal of the
ACM �	��� ��	��� �������

��� Freuder� E�� Completable Representations of Constraint Satisfaction Problems� in
proceedings of KR�	�� Cambridge� MA ��		�� �����	�

�
� Freuder� E�� Elfe� D�C�� Neighborood Inverse Consistency Preprocessing� In pro�
ceedings of AAAI�	�� Portland OR ��		�� 
�
�
��

��� Frost� D�� Bessi�ere� C�� Dechter� R�� and R�egin� J�C�� Random Uniform CSP Gen�
erators� http���www�ics�uci�edu��dfrost�csp�generator�html ��		��

��� Golomb� S�W�� Baumert� I�D�� Backtrack programming� Journal of the ACM �	���
��	��� �����
�

��� Grant� S�A�� Smith� B�M�� The phase transition behaviour of maintaining arc con�
sistency� in proceedings of ECAI�	�� Budapest� Hungary ��		�� ������	



��� Haralick� R�M�� Elliot� G�L�� Increasing tree search e
ciency for constraint satis�
faction problems� Artif� Intell� �� ��	��� 
������

��� Sabin� D�� Freuder� E�� Contradicting conventional wisdom in constraint satisfac�
tion� In proceedings PPCP�	�� Seattle� WA ��		��

��� Singh� M�� Path Consistency Revisited� In proceedings of IEEE ICTAI�	�� Wash�
ington D�C� ��		��


