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5.138 globalcardinality

DESCRIPTION LINKS GRAPH AUTOMATON
Origin CHARME [269]
Constraint global_cardinality(VARIABLES, VALUES)
Synonyms count, distribute, distribution, gcc, card_var_gcc, egcc,

extended_global_cardinality.

Arguments VARIABLES : collection(var—dvar)
VALUES : collection(val—int,noccurrence—dvar)
Restrictions required(VARIABLES, var)

required(VALUES, [val,noccurrence])
distinct(VALUES, val)
VALUES.noccurrence > 0
VALUES.noccurrence < |VARIABLES|

Each valueVALUES[i].val (1 < ¢ < |VALUES|) should be taken by exacty

Purpose : . .
P VALUES(¢].noccurrence variables of thé/ARIABLES collection.
(3,3,8,6),
val —3 noccurrence — 2,
Example
val — 5 noccurrence — 0,
val — 6 mnoccurrence — 1
The global _cardinality constraint holds since values 5 and 6 respectively oc-
cur2, 0 and1 times within the collectior{3, 3, 8, 6) and since no constraint was specified
for values.
Typical |[VARIABLES| > 1
range(VARIABLES.var) > 1
|[VALUES| > 1
range(VALUES.noccurrence) > 1
|[VARIABLES| > |VALUES)|
Symmetries e Items OfVARIABLES arepermutable

e Items OfVALUES arepermutable

e An occurrence of a value 6fARIABLES.var that does not belong MALUES.val
can bereplacecby any other value that also does not belongADUES.val.

e All occurrences of two distinct values iMRIABLES.var or VALUES.val can be
swappesl all occurrences of a value MARIABLES.var or VALUES.val can be
renamedo any unused value.



Origin
The origin of the constraint: reference to a paper, to a person, to an other constraint or to a system.


Constraint
The constraint name and its arguments.


Synonyms
List of synonyms for the name of the constraint.


Arguments
Arguments of the constraint and their corresponding types.


Restrictions
Additional conditions refining the type declarations of one or several arguments of the constraint.


Purpose
Definition in natural language of the meaning of the constraint.


Example
One or several examples of ground solutions of the constraint.


Typical
Typical conditions on the arguments of the constraint.


Symmetries
List of mappings (e.g., permutation of arguments, permutation of items, permutation of attributes, permutation of values, translation of attributes) that preserve the solutions of the constraint.


Usage

Remark
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We show how to use thglobal cardinality constraint in order to model the
magic serieproblem B77, page 155] with one singlglobal _cardinality constraint.
A non-empty finite serie$ = (so, s1,...,sn) IS magicif and only if there ares; oc-
currences of in S for each integet ranging from 0 ton. This leads to the following
model:

< var — Sg,var — S1,...,vVar — Sp, >,
val — 0 noccurrence — sp,

global cardinality < val —1 mnoccurrence — s1, >

val —n noccurrence — Sp

This is a generalised form of the originglobal_cardinality constraint: in the origi-
nalglobal_cardinality constraint B09, one specifies for each value its minimum and
maximum number of occurrences (i.e., gg@ebal cardinality low_ up). Here we give
for each valuev a domain variable that indicates how many time valuis effectively
used. By setting the minimum and maximum values of this tgito the appropriate con-
stants we can express the same thing as in the origintdlal_cardinality constraint.
However, as shown in themagic serieproblem, we can also use this variable in other con-
straints. By reduction fromi-SAT, Claude-Guy Quimper shows i6$d] that it is NP-hard

to achievearc-consistencfor the count variables.

A last difference with the originatlobal_cardinality constraint comes from the fact
that there is no constraint on the values that are not exglicientioned in theVALUES
collection. In the originaglobal _cardinality these values could not be assigned to the
variables of the7ARIABLES collection. However allowing values that are not mentioned
in VALUES to be assigned to variables BARIABLES can potentially avoid mentioning a
huge number of unconstrained values in YA&UES collection, and as a side effect, pre-
vent eventually generating a dense graph (i.e., §8e€5-bottleneckfor the corresponding
underlyingflow mode).

Within [75] the global_cardinality constraint is calledistribution. Within [317]
the global cardinality constraint is calledcard var_gcc.  Within [64] the
global_cardinality constraint is calle@gcc or rgcc. This later case corresponds to
the fact that some variables are duplicated withinthRIABLES collection.

The global _cardinality constraint can be seen as a system (i.e., a conjunction) of
among constraints.

When all count variables (i.e., the variableJALUES[{].noccurrence with

i € [1,|[VALUES|]) do not occur in any other constraints of the problem,
it may be operationally more efficient to replace thelobal_cardinality
constraint by a global cardinality low.up constraint where each count
variable VALUES[i|.noccurrence is replaced by the corresponding interval
[VALUES[¢].noccurrence, VALUES[i].noccurrence]. This stands for two reasons:

e First, by using aglobal cardinality_ low.up constraint rather than a
global_cardinality constraint, we avoid the filtering algorithm related to the
count variables.

5 Of course one could also, while generating a flow model, detiteinconstrained values in order to

generate one single vertex in the flow model for the set of nsitained values.



Usage
Typical usage of the constraint.


Remark
Miscellaneous comments about the constraint that do not fit in the other slots.


Algorithm

Systems

See also
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e Second, unlike thglobal _cardinality constraint where we need to fix all its vari-
ables to geentailmenftheglobal cardinality_low_up constraint can bentailed
before all its variables get fixed. As a result, this potélyti@void unnecessary calls
to its filtering algorithm.

An implicit necessary condition inferred by double cougtinwith the
global_cardinality constraint is depicted by the following expression:

|VARTABLES | |VALUES)|
> VARIABLES[i|l.var = Y VALUES[i] noccurrence - VALUES|i].val

i=1 i=1

Within [284, pages 50-51] the previous condition where terms involidegtical variables
are grouped together (i.e., rule 5 of MALICE{J) is mentioned as a crucial deduction
rule for theautorefproblem.

W.-J. van Hoeveet al. present two soft versions of tliiobal_cardinality constraint
in [385.

A flow algorithm that handles the originglobal_cardinality constraint is described
in [309. The two approaches that were used to designnd-consistencalgorithms for
alldifferent were generalised for thelobal_cardinality constraint. The algorithm
in [307]] identifiesHall intervalsand the one inf06 exploits convexity to achieve a fast
implementation of the flow-basexic-consistencalgorithm. The later algorithm can also
computebound-consistencfor the count variables?p7, 204]. An improved algorithm for
achievingarc-consistencis described in§0d.

globalCardinality in Choco count in Gecode gcc in JaCoP,
global _cardinality in SICStus

common keyword: count, max_nvalue,min_nvalue (value constraintounting constraint
nvalue (counting constrair);
open_global _cardinality_low_up (assignmentounting constraint

costvariant:  global cardinality_ with_costs(cost associated with each
variable,value pair).

implied by: global cardinality with costs (forget about cost)
same_and_global cardinality (conjoinsame andglobal cardinality).

part of system of constraints:among.

related: roots, sliding card skipO (counting constrainof a set of values on maximal
sequences)

shift of concept: global cardinality no_loop (assignment of &ariable to its posi-
tion is ignored) ordered_global_cardinality (restrictions are done on nested sets of
values, all starting from first valug}ymmetric_cardinality, symmetric_gcc.

soft variant: open_global cardinality (a set variable defines the set of variables
that are actually considered)

specialisation:  alldifferent (each value should occur at most
once) cardinality_atleast, cardinality_atmost (individual
count variable for each value replaced by single count variable),



Algorithm
References (or short description) to the filtering algorithm attached to the constraint.


Systems
References to the constraint in some concrete constraint programming systems.

http://www.emn.fr/z-info/choco-solver/tex/documentation/choco-doc.pdf
http://choco.emn.fr/
http://www.gecode.org/doc-latest/reference/group__TaskModelIntCount.html
http://www.gecode.org/
http://jacopapi.osolpro.com/JaCoP/constraints/GCC.html
http://www.jacop.eu/
http://www.sics.se/sicstus/docs/latest4/html/sicstus.html/Combinatorial-Constraints.html
http://www.sics.se/sicstus/

See also
Related constraints grouped by semantics links.


Keywords
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cardinality atmost partition (individual count variable for each value re-
placed by singleount variable andvariable € partition replaced byvariable),
global_cardinality_low_up (variable replaced byfixed interval).

system of constraintsicolored matrix (Oneglobal_cardinality constraint for each
row and eachcolumn of amatrix of variables).

uses in its reformulation: tree_range, tree_resource.

application area: assignment

characteristic of a constraint: corg automatopautomaton with array of counters
complexity: 3-SAT.

constraint type: value constraintcounting constrainisystem of constraints
filtering: Hall interval, bound-consistengylow, duplicated variableDFS-bottleneck
modelling exercisesmagic series

puzzles:magic seriesautoref



Keywords
Related keywords grouped by meta-keywords.


Arc input(s)
Arc generator
Arc arity

Arc constraint(s)
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For all items ofVALUES:

VARIABLES
SELFwcollection(variables)
1

variables.var = VALUES.val

Graph property(ies) NVERTEX= VALUES.noccurrence

Graph model

Since we want to express one unary constraint for each vaduese the “For all items of
VALUES” iterator. Part (A) of Figures.269shows the initial graphs associated with each
value 3, 5 and6 of the VALUES collection of theExample slot. Part (B) of Figure.269
shows the two corresponding final graphs respectively @socwith valuess and6 that
are both assigned to the variables of th&IABLES collection (since valué is not assigned

to any variable of theARIABLES collection the final graph associated with valtiés
empty). Since we use tiWVERTEX graph property, the vertices of the final graphs are
stressed in bold.

VALUES:3 VALUES:6
VARIABLES

CDCDCDCD

3:NVERTEX=2, 5:NVERTEX=0, 6:NVERTEX=1
(A) (B)

Figure 5.269: Initial and final graph of th@ obal_cardinality constraint



Graph model
Explicit description in terms of graph property of the meaning of the constraint.
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Automaton Figure5.270depicts the automaton associated withghebal cardinality constraint.
To each item of the collectioMARIABLES corresponds a signature variaBlethat is equal
to 0. To each item of the collectiovALUES corresponds a signature variaBlg: |varrasces|
thatis equal td.

{CL1=0}

0,
G)j {CIVAR J=C[VAR ]+1}

1,
{cIVAL J=c[VAL ]-NOGCURRENCE }

t:

. 1
arith(C,=,0)

{c[VAL J=c[VAL ]-NOGCURRENCE }

Figure 5.270: Automaton of thelobal_cardinality constraint



Automaton
Explicit description in terms of automaton of the meaning of the constraint.


