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Abstract. We present two constraints that partition the vertices of an undirected
n-vertex, m-edge graph G = (V, £) into a set of vertex-disjoint trees. The first
is the resource-forest constraint, where we assume that a subset R C V of the
vertices are resource vertices. The constraint specifies that each tree in the forest
must contain at least one resource vertex. This is the natural undirected counter-
part of the tree constraint [1], which partitions a directed graph into a forest of
directed trees where only certain vertices can be tree roots. We describe a hy-
brid-consistency algorithm that runs in @(m + n) time for the resource-forest
constraint, a sharp improvement over the (9(mn) bound that is known for the
directed case. The second constraint is proper-forest. In this variant, we do not
have the requirement that each tree contains a resource, but the forest must con-
tain only proper trees, i.e., trees that have at least two vertices each. We develop
a hybrid-consistency algorithm for this case whose running time is O (mn) in the
worst case, and ()(m-+/n) in many (typical) cases.

1 Introduction

Constraints that describe graph properties were considered from an early stage of con-
straint programming research. Some examples are the Hamiltonian circuit and span-
ning tree constraints of ALICE [2] that were later followed by the cycle [3] and path
constraints [4], which were, respectively, introduced in later versions of CHIP [5] and
Tlog Solver [6]. A more recent example is the tree(NTREE, VER) constraint [1], which
receives an integer variable NTREE and a graph described by the vertex-list VER. Some
of the vertices are specified as “possible roots” and the constraint determines that the
graph consists of NTREE directed trees, each of which is rooted at a “possible root”.

A natural network design problem is the following. We are given an undirected
graph G = (V, £) where R C V is a set of vertices that correspond to a certain resource,
e.g., a printer. The remaining vertices represent the tasks (clients/users). The problem is
to cover the vertices of the graph with trees (networks) such that every tree contains at
least one vertex from R (every network has a printer). We could replace each undirected
edge by two anti-parallel directed arcs and then use the tree constraint which can be
filtered in ((mn) time. However, undirected graphs are often much simpler than di-
rected graphs. Indeed, we will show that the resource-forest constraint, the undirected
counterpart of the free constraint, can be filtered in @ (m + n) time.
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We then turn to another variant of the problem, the proper-forest(NTREE, VER) con-
straint which specifies that the graph is a forest of NTREE proper trees as defined by
A. CAYLEY in 1889 [7]: A proper tree is a connected, cycle-free graph with at least
two vertices. Note that with the proper-forest constraint the issue of resources does not
exist (or, equivalently, all vertices are resource vertices). It can apply to the design of
fault-tolerant networks, where each network needs to contain at least two computers so
that each computer can back up the other. The proper-forest variant appears to be more
complex than the resource-forest one; we show a filtering algorithm for proper-forest
whose running time is @(mn) in the worst case, and is dominated by the complexity
of determining which edges of the graph belong to at least one maximum cardinality
matching. As we will see, the worst case occurs when the domain of NTREE is ground
and contains a certain value. In all other cases, the algorithm’s bottleneck is finding a
maximum matching in the graph, which can be done in @(m+/n) time.

Since both constraints involve integer and set variables, our filtering algorithms
achieve hybrid-consistency, which is a type of consistency suitable for this context,
introduced by Bessiere ef al. [8]. It will be formally defined in Section 2, but intu-
itively hybrid-consistency means that every integer variable is arc-consistent and every
set variable is bound-consistent.

The rest of the paper is organized as follows. Section 2 provides the necessary
background on constraint programming and graph theory. Section 3 introduces the re-
source-forest and proper-forest constraints. Sections 4 and 5, respectively, present filter-
ing algorithms for the resource-forest and proper-forest constraints. Finally, Section 6
contains a summary of the known results on filtering tree-partitioning constraints.

2 Preliminaries

In this section we recall some of the constraint programming and graph theory termi-
nology that we use in the rest of the paper.

Definition 1. An integer variable V' ranges over a finite set of integers denoted by
D(V). The extremal values in D(V') are denoted by min(V') and max(V).

Definition 2. The domain of a set variable V' is a set of sets of integers. It is specified
by its lower bound V. and its upper bound V' and contains all sets that contain V_and
are contained in V. When the set variable V is ground we have that V. = V. The values
in V. are the mandatory values of V and the values in V '\ V are its potential values.

Definition 3 (Hybrid-consistency [8]). A constraint C defined on the integer variables
Vfl, R V2d and the set variables Vlil ..., V.7 is hybrid-consistent iff:

1. For every pair (V% v) such that V@ is an integer variable of C and v € D(VY),
there exists at least one solution to C in which V¢ is assigned the value v.

2. Forevery pair (V*,v) such that V* is a set variable of C, if v € V? then v belongs
to the set assigned to V'* in all solutions to C and if v € V5 \ V?° then v belongs
to the set assigned to V'° in at least one solution and is excluded from this set in at
least one solution.



Definition 4. Graph theoretic terms [9] :

Let G = (V, &) be an undirected graph. A path in G is a sequence of vertices, such that
every two consecutive vertices are joined by an edge. A path is simple if every vertex
appears on it at most once. A bridge in G is an edge e € £ whose removal increases
the number of maximal connected components of G. A matching in G is a set M € £ of
edges such that every vertex in V is incident on at most one edge from M.

3 The resource-forest and proper-forest Constraints

In this section, we define and motivate the resource-forest and the proper-forest con-
straints, introduce their corresponding graphs, define them formally and provide exam-
ples that illustrates the semantics of the constraint as well as the problem of filtering
them to hybrid-consistency.

In many graph-partitioning problems, the vertex set of the graph is the union of a
set of resource vertices and a set of rask vertices. Independently of the pattern used
to cover the graph, this distinction between the two types of vertices comes from the
need that each partition has to contain at least one resource vertex. This distinction
between resource and task vertices was already introduced in the cycle constraint [3].
An example of application for the cycle constraint is the vehicle routing problem which
consists in allocating a set of trucks (resources) to deliver goods to a set of shops (tasks).
The resource-forest constraint, on the other hand, can be used to model the problem
of allocating hardware resources in a network. Here, a resource represents a piece of
hardware (e.g., a printer) and a task represents a computer. The solution (forest) is a
network in which each computer is connected with at least one printer.

In 1889, A. CAYLEY [7] introduced the definition of a free as a connected graph
without cycles which contains at least two vertices. We will call Cayley’s tree a proper
tree. A proper forest, then, is a set of proper trees. The proper-forest constraint partitions
the vertices of an undirected graph into a set of vertex-disjoint proper trees.

Formally, each of the resource-forest(NTREE, VER) and proper-forest(NTREE, VER)
constraints is defined on an integer variable NTREE and an array VER which is essen-
tially an adjacency-list representation of a graph. Each item v € VER has the following
attributes, which complete the description of the graph:

— Iisan integer between 1 and n, which can be interpreted as the label of v.

— Nis a set variable whose elements are integers (vertex labels) between 1 and n. The
lower and upper bounds of N can respectively be interpreted as the set of mandatory
neighbors and the set of mandatory or potential neighbors of v.

— R (only for the resource-forest constraint) is a boolean flag which is true if the vertex
is a resource vertex and false if it is a task vertex.

Notation: For each 1 < ¢ < n, VER[¢] is the i-th item of the VER collection, while
VER[¢].I, VER[{].N, and VER[:].R, respectively, denote the I, N and R attributes of VER[{].

When speaking of global constraints, it is often convenient to reason about a graph
that models the constraint rather than directly about the constraint (see, e.g., the cy-
cle [3], path [10,4], and alldifferent [11] constraints). In the case of the resource-forest



and proper-forest constraints, the graph model is obvious: It is the undirected graph
G = (V, €) in which the vertices represent the elements of VER and the edges represent
the neighborhood relations between them. Each edge of the graph has a fype (solid or
dotted) which indicates whether it represents a mandatory (solid) or a potential (dotted)
neighborhood relation.

Since it can be easily achieved by a linear-time preprocessing step, we will assume
in the rest of this paper that the associated graph does not contain loops and that the N
sets of the vertices are symmetric, i.e., ¢ € VER[j].N < j € VER[].N (in this case we
will say that i and j are mandatory neighbors) and i € VER[j].N < j € VER[:].N (in this
case, if 7 and j are not mandatory neighbors then they are possible neighbors). Note that
the preprocessing step may find that the constraint has no solution. This can happen if
i € VER[:].N (there is a mandatory loop) or 34,5 : 4 € VER[j].N A j ¢ VER[:].NV (i is
a mandatory neighbor of j but j is not a possible neighbor of ¢). Formally, the graph
associated with a resource-forest or a proper-forest constraint is defined as follows.

Definition 5. For a resource-forest(NTREE, VER) or a proper-forest(NTREE, VER) con-
straint, the associated graph is the undirected graph G = (V,E) where V = {v; : i €
[1,n]} and (v;,v;) € E iff i € VER[j].N A j € VER[i].N. We distinguish between solid
and dotted edges: The edge (v;,v;) € £ is solid if i and j are mandatory neighbors and
dotted if ¢ and j are potential neighbors. Finally, we denote the number of edges in the
graph, |E|, by m.

In the case of the resource-forest constraint, we distinguish between resource ver-
tices and task vertices; the set R of resource vertices is {v; : VER[{]R = true}. All
vertices in V \ R are task vertices.

The resource-forest constraint specifies that its associated graph is a forest where
each tree contains at least one resource and the proper-forest constraint specifies that its
associated graph is a proper forest. Formally:

Definition 6. A ground resource-forest(NTREE, VER) constraint is satisfied iff the fol-
lowing conditions hold:

(1) Vi€ [1,n]: VER[{].I =4,

(2) Vi,j € [1,n] : ¢ € VER[j].N & j € VER[i].N (i.e., the neighborhood relation is
symmetric),

(3) The associated graph G consists of NTREE maximal connected components such
that each component contains at least one vertex from R and does not contain any
cycles.

Definition 7. A ground proper-forest(NTREE, VER) constraint is satisfied iff the follow-
ing conditions hold:

(1) Vi€ [1,n]: VER[{].I =4,

(2) Vi,j € [1,n] : i € VER[j].N & j € VER[i].N (i.e., the neighborhood relation is
symmetric),

(3) The associated graph G is a forest of NTREE (vertex-disjoint) proper trees.



The following example will be used throughout the paper.

Example 1. Part (A) of Figure 1 shows the input graph G, where the mandatory edges are solid
and the rest are dotted. Parts (B) and (C) of the figure show two possible solutions to the re-
source-forest constraint on this graph, one with two trees and the other with three trees. Parts
(B) and (D) show two solutions to the proper-forest constraint on this graph, with two and seven
proper trees, respectively.

A hybrid-consistency algorithm for the resource-forest constraint on G should discover that
regardless of the contents of the domain of NTREE, the edge marked by M., i.e., the edge (6, 8),
is mandatory and that the edge (5,7) (marked by F3) is forbidden. Furthermore, it should set
the domain of NTREE to be the intersection of its previous value with {2, 3}. If, in the input,
D(NTREE) = {2}, the algorithm should also discover that the edge marked by .J», i.e., the edge
(13, 15), is mandatory. Section 4 will justify this pruning.

A hybrid-consistency algorithm for the proper-forest constraint on G should discover that
the edge (13,15) (marked by M,,) is mandatory and that the edge (5,7) (marked by F}) is
forbidden. Next, it should set the domain of NTREE to be the intersection of its previous value
with {2, 3,4, 5,6, 7}. If, in the input, D(NTREE) = 2, the algorithm should discover that the edge
marked by Jp, i.e., the edge (6, 8), is mandatory. Finally, if D(NTREE) = {7} in the input, the
algorithm should discover that the edges marked by I, i.e., (2, 3), (3,5), (4,7), (6,8), (11, 13),
and (12, 14), are forbidden. Section 5 will justify this pruning.

Before we can describe the filtering algorithms for the resource-forest and
proper-forest constraints, we need to define the mandatory graph G rryg and the pos-
sible graph G4 ypE associated with a graph G. An example appears in Figure 2.

Definition 8. (Mandatory graph) Given a resource-forest or proper-forest constraint
and its associated graph G, the graph Grryg contains all edges that must be in the
Sorest. Formally, Grrur = (V,ErruE), where Errug is the set of solid edges in G.

Definition 9. (Possible graph) Given a resource-forest or proper-forest constraint
and its associated graph G, the graph Gyaypg contains the subgraph induced
by the vertices that are not incident on mandatory edges. Formally, Gyaypr =
(Vrmavee, Evayer) where Viyaypr contains all vertices that are isolated in Grryug
and Eyravee = €N (Vmavee X VMAYBE).

4 Filtering the resource-forest Constraint

4.1 Checking Feasibility of the resource-forest Constraint

Theorem 1 specifies necessary and sufficient conditions for the existence of a solution
to a resource-forest constraint. The first two conditions ensure that it is possible to
partition the graph into a forest with a resource in every tree and the third ensures that
the number of trees in the forest is within the domain of NTREE.

Theorem 1. There is a solution to the resource-forest(NTREE, VER) constraint iff the
following conditions hold:

(1) Grrug does not contain any cycles.
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Fig. 1. (A) An undirected graph with 3 (grayed) resource vertices (B) a solution with 2 trees for
the resource-forest and proper-forest constraints (C) a solution with 3 trees for the resource-forest
constraint (D) a solution with 7 proper trees for the proper-forest constraint. Notice that each kind
of edges (M, F, I and J) are indiced by p in the case of the proper-forest and by r in the case of
the resource-forest.

(2) Every maximal connected component of G contains at least one resource vertex.

(3) D(NTREE) N [MINTREE, MAXTREE] # (), where MINTREE is the number of maximal
connected components in G and MAXTREE is the number of maximal connected
components of Grryg that contain at least one resource vertex.

Proof. Sufficiency: To prove that the three conditions are sufficient, we assume that
they hold and show that for every value k € [MINTREE, MAXTREE|, we can construct a
spanning forest of G with k trees, each of which contains a resource vertex.

Case 1: k = MAXTREE. Let 7 = {C4, - - - , C}, } be the maximal connected components
of Grryg. By definition, exactly MAXTREE of them contain at least one resource vertex.
By Condition (2), every component which does not contain a resource vertex is con-
nected by a path of G to a component which does. To obtain a solution of k trees, we
merge every component that does not contain any resource vertices with one that does,
and output a spanning tree of each component.

Case 2: k < MAXTREE. We first construct a forest of MAXTREE trees as in Case 1 and then
merge trees until there are k trees: While there are too many trees, select two trees which
are connected by an edge e and merge them by including e in the forest. Since MINTREE
is the number of maximal connected components in G, as long as k£ > MINTREE we are
guaranteed to find two trees that can be merged.
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Fig. 2. The graphs (A) Grrur and (B) Gumaypr associated with the graph of Figure 1, Part (A).

Necessity: Clearly, if Grryg contains a cycle, the solution cannot be a forest. If
D(NTREE) N [MINTREE, MAXTREE] = () then we have max(NTREE) < MINTREE or
min(NTREE) > MAXTREE. In either case, the constraint is infeasible: We cannot cre-
ate less than MINTREE trees because a tree must be connected. To see that we cannot
create more than MAXTREE trees, note a connected component of Gz yg cannot be bro-
ken, so every component can contribute at most one tree. Furthermore, the vertices of a
component that does not contain a resource vertex must belong to the same tree as the
vertices of a component that does contain a resource vertex. In other words, a compo-
nent cannot contribute a tree to the forest if it does not contain a resource vertex. O

4.2 Hybrid-consistency of the resource-forest Constraint

Figure 3 shows the algorithm for filtering a resource-forest constraint to hy-
brid-consistency. First, it verifies that the constraint has at least one solution, using
the characterization of Theorem 1. Lines 3 to 7 prune with respect to the fact that a
solution must be a forest (while ignoring the cardinality of the forest and the condition
on the resources). In Line 7 the algorithm removes any dotted edge (u, v) where u and
v are connected by solid edges; since the solid edges must be in the solution, this dotted
edge would create a cycle (e.g., the edge (5, 7) in Part (A) of Figure 1). In Lines 8 to 10
it identifies dotted edges which must be in the solution because removing them would
separate one or more vertices from the resources, and makes them solid (e.g., the edge
(6, 8) in Part (A) of Figure 1). Line 11 narrows the domain of NTREE.

Lines 12 to 17 are executed only when the domain of NTREE is ground. In this case,
the number of trees in a solution is fixed and if it is equal to MINTREE (as defined in the
statement of Theorem 1), all bridges of G are mandatory and are turned solid, because
otherwise the number of connected components of the graph, and therefore also the
number of trees in any solution, is strictly larger than MINTREE (e.g., the edge (13, 15)
in Part (A) of Figure 1). On the other hand, if the value of NTREE is equal to MAXTREE,
then every maximal connected component of G rryr Which contains a resource should
contribute a tree to the solution, so a dotted edge between two such components must
not be in the forest and is removed.



1. if the constraint has no solution (see Theorem 1) then

2. report failure and exit;

3. Compute the maximal connected components (CCs) of Grrue.
4. foreach v €V do

5. C(v) < the CC of Grryr that contains v;

6. foreach dotted edge (u,v) €€ do

7. if C(u) = C(v) then remove (u,v) from the graph;

8. foreach dotted edge e do

9. if removing e creates a CC of G without resource vertices then
10. Turn e into a solid edge;

11. D(NTREE) < D(NTREE) N [MINTREE, MAXTREE];

12. if D(NTREE) = {MINTREE} then

13. foreach dotted edge e that is a bridge of G do

14. Turn e into a solid edge;

15. if D(NTREE) = {MAXTREE} then

16. foreach dotted edge e = (u,v) where C(u)# C(v) and
both C(u) and C(v) contain a resource vertex do
17. Remove e from the graph;

Fig. 3. A hybrid-consistency algorithm for the resource-forest constraint.

4.3 Correctness

In the full version of this paper, we prove that the algorithm achieves hybrid-consistency
by showing that:

1. We did not remove an edge from the graph or a value from NTREE that belong to a
solution.

2. Every remaining edge in G and value in D(NTREE) participates in at least one solu-
tion, and every remaining dotted edge is excluded from at least one solution.

3. Every edge that we turned from dotted to solid participates in all solutions.

4.4 Complexity

The steps of the algorithm excluding Lines 8 to 10 require cycle detection, computing
maximal connected components and identifying bridges, all of which can be done in
linear time [12, p.18]. We now show that Lines 8 to 10 also take linear time. Clearly,
an edge whose removal creates a maximal CC without a resource is a bridge of G. But
not all bridges have this property. We create a reduced graph H by contracting every
biconnected component of G into a single vertex. The graph H is a tree whose edges
are exactly the bridges of G. We will say that a vertex of H is a resource vertex if one of
the vertices of G that were contracted into it is a resource vertex, i.e., if the biconnected
component it represents has a resource. We need to identify which of the edges of H are
edges whose removal would create a connected component of H without resources. In
other words, we have reduced our problem to the same problem on trees. This holds for
an edge if one of its endpoints is the root of a subtree without resources. We select an



arbitrary resource vertex of H and perform a DFS traversal of H starting at this vertex.
Whenever we backtrack from a vertex v, we communicate to its parent p whether a
resource was encountered in the subgraph rooted at v. If not, then the edge (p,v) is
turned into a solid edge (if it is not solid already).

Thus, we have shown:

Theorem 2. The algorithm of Figure 3 filters the resource-forest constraint to hy-
brid-consistency in O(m + n) time.

5 Filtering the proper-forest Constraint

5.1 Checking Feasibility of the proper-forest Constraint

Theorem 3 specifies the conditions for the existence of a solution to a proper-forest
constraint. The first two conditions ensure that it is possible to partition the graph into
a proper forest and the third ensures that the number of proper trees in the proper forest
is within the domain of NTREE.

Theorem 3. There is a solution to the proper-forest(NTREE, VER) constraint iff the fol-
lowing conditions hold:

(1) G does not have isolated vertices,

(2) GrruE does not contain any cycles,

(3) D(NTREE) N [MINTREE, MAXTREE] # (), where MINTREE is the number of maximal
connected components in G and MAXTREE is the number of maximal connected
components of cardinality at least two in Grryg plus the cardinality of a maximum
cardinality matching in GyayBE.

Proof. Sufficiency: To prove that the three conditions are sufficient, we assume that
they hold and show that for every value & € [MINTREE, MAXTREE|, we can construct a
spanning forest of G with k proper trees. We begin with & = MAXTREE and proceed to
an arbitrary k € [MINTREE, MAXTREE].

- Let7T = {Ty,--- ,T,} be amaximum spanning forest of Grryg, i.e., each T} is an
isolated vertex from Grryg or a spanning tree of a maximal connected component
of Grryg. Observe that a tree T; of cardinality one is also a vertex of GarayBE-

— To construct a spanning forest of cardinality MAXTREE, compute a maximum cardi-
nality matching M in Gpraype and modify 7 as follows:

e By definition of Gys4ypE, each matching edge connects two singletons 7; and
T of T. Merge them into a tree of cardinality two.

e For every vertex u € VyrayBg, corresponding to a tree T; of cardinality one
which is unmatched by M, select a neighbor v of u and include the edge (u, v)
in the spanning forest. In other words, merge the tree 7; with the tree T, to
which v belongs. Condition 1 guarantees that this is possible. It is easy to see
that the forest consists of exactly MAXTREE trees.



— If £ < MAXTREE, merge proper trees until there are &k proper trees: While there are
too many proper trees, select two proper trees that are connected by an edge e from
Grmaype and merge them by including e in the proper forest. Since MINTREE is the
number of maximal connected components in G, as long as £ > MINTREE we are
guaranteed to find two proper trees that can be merged.

Necessity: It remains to show that all three conditions are necessary. Clearly, if
G contains an isolated vertex v, then v does not belong to a subgraph of G which is a
proper tree and if G rryE contains a cycle, the solution must contain a cycle so it cannot
be a proper forest. Finally, if D(NTREE) N [MINTREE, MAXTREE| = () then we have
max(NTREE) < MINTREE or min(NTREE) > MAXTREE. In either case, the constraint
does not have a solution: We cannot create less than MINTREE proper trees because a
proper tree must be connected. To see that we cannot create more than MAXTREE proper
trees, note that the number of proper trees that Grryg can contribute is at most the
number of connected components it has (we cannot break a connected component of
Grrur) and that a vertex of Gyraype can either form a new proper tree with another
vertex from Gy aypE, or be merged into a previously existing proper tree (and not
contribute to the tree-count). Clearly, a maximum cardinality matching contributes the
largest possible number of proper trees from GyrayvBE.- ad

5.2 Hybrid-consistency of the proper-forest Constraint

Figure 4 shows the algorithm for filtering a proper-forest constraint to hy-
brid-consistency. First, it verifies that the constraint has at least one solution, using the
characterization of Theorem 3, and exits if the constraint is inconsistent. Lines 3 to 7
and 18 to 19 prune with respect to the fact that a solution must be a proper forest (while
ignoring the cardinality of the forest). In Line 7 the algorithm removes any dotted edge
(u,v) (e.g., the edge (5, 7) in Part (A) of Figure 1) where u and v are connected by a
path of solid edges; since the solid edges must be in the solution, this dotted edge would
create a cycle. Line 19 identifies dotted edges which must be in the solution because
removing them would isolate a vertex, and makes them solid (e.g., the edge (13,15) in
Part (A) of Figure 1). Line 8 narrows the domain of NTREE.

Lines 9 to 17 are executed only when the domain of NTREE is ground. In this case,
the number of trees in a solution is fixed and if it is equal to either MINTREE or MAXTREE
(these values are defined in the statement of Theorem 3), more filtering is possible: If
D(NTREE) = {MINTREE} then all bridges of G are mandatory and are turned solid,
because otherwise the number of connected components of the graph, and therefore
also the number of trees in any solution, is strictly larger than MINTREE. In the example
in Part (A) of Figure 1, the edge (6,8) (which is marked by J,) is mandatory when
D(NTREE) = {2}. If D(NTREE) = {MAXTREE} then three sets of edges are forbidden
and are removed from the graph; we will show that including any one of these edges
in a solution would reduce the number of trees we can construct to strictly less than
MAXTREE. For example, if D(NTREE) = {7}, the edges marked by I,, in Part (A) of
Figure 1 are removed: (11,13) and (12, 14) in Line 15, (2, 3) in Line 16, and (3, 5),
(4,7) and (8,6) in Line 17.



1. if the constraint has no solution (see Theorem 3) then

2. report failure and exit;

3. Compute the maximal connected components (CCs) of Grrue.

4. foreach v €V do

5. C(v) < the CC of Grryr that contains v;

6. foreach dotted edge (u,v) €€ do

7. if C(u) = C(v) then remove (u,v) from the graph;

8. D(NTREE) — D(NTREE) N [MINTREE, MAXTREE];

9. if D(NTREE) = {MINTREE} then

10. foreach dotted edge (u,v) that is a bridge of G do

11. Turn (u,v) into a solid edge;

12. if D(NTREE) = {MAXTREE} then

13. foreach dotted edge (u,v) do

14. remove (u,v) from G if one of the following holds:

15 a. |[Cw)|>1, |Cw)|>1, and C(u) # C(v).

16. b. (u,v) € Emayse but does not belong to any
maximum matching in Guayse.

17. c. |C(u)| >1 and v is saturated in every maximum

cardinality matching of Guavyse.
18. foreach dotted edge (u,v) € & do
19. if u is a leaf in G then turn (u,v) into a solid edge;

Fig. 4. A hybrid-consistency algorithm for the proper-forest constraint.

5.3 Correctness

To prove correctness of the algorithm, we will show that:

1. We did not remove an edge from the graph or a value from NTREE that belong to a
solution (Lemma 1).

2. Every remaining edge in G and value in D(NTREE) participates in at least one
solution, and every remaining dotted edge is excluded from at least one solution
(Lemma 2).

3. Every edge that we turned from dotted to solid participates in all solutions (Lemma 3).

Lemma 1. The algorithm in Figure 4 never removes an edge from the graph or a value
from D(NTREE) that belongs to a solution.

Proof. Let (u,v) be an edge that was removed by the algorithm and assume that there
is a solution S that contains (u,v). If (u,v) was removed in Line 7, then there is a
path of solid edges from w to v, and these edges are also in the solution. But then the
forest S contains a cycle, a contradiction. So we must assume that (u, v) was removed
in Lines 13 to 17. In this case, we know that the number of trees in S is equal to
MAXTREE (the number of CCs of G rryg of cardinality at least two plus the cardinality
of a maximum matching in Gyaypgr.) We will show that if there still is a solution
S’ when the constraint is on the graph G’, which is obtained from G by turning (u, v)
into a solid edge, then this violates Theorem 3 because S’ has more than MAXTREE



trees (where MAXTREE' is the MAXTREE value for G’). If (u, v) was removed in Line 15,
then MAXTREE' = MAXTREE — 1 because v and v are not in G ;4 ygE and two non-trivial
connected components of G 7 yr have been merged. The solution S’ = S has MAXTREE
(i.e., > MAXTREE') trees. If (u, v) was removed in Line 16, then v and v form a size-2
maximal connected componentin G/, ;. This increases MAXTREE by one. On the other
hand, the cardinality of a maximum matching in G}, sy5r = Gmavse \ {u, v} is two
less than that of GaraypE, because otherwise (u, v) belongs to a maximum matching
in Gyavysr. SO MAXTREE' = MAXTREE — 1 and S’ = S is a solution with MAXTREE
trees. Finally, if (u,v) was removed in Line 17, then turning (u,v) into a solid edge
inserts v into the CC of u in G’ ;. Since v is not in G); 4y g, the cardinality of a
maximum matching in G}, 4y is one less than that of Gy aypsg (otherwise Gyaves
has a maximum matching in which v is not saturated, a contradiction). Again, we get
that MAXTREE' = MAXTREE — 1 and S’ = S is a solution with MAXTREE trees. If the
algorithm removes a useful value from D(NTREE), this clearly contradicts Theorem 3.
O

Lemma 2. After applying the algorithm of Figure 4, every remaining edge in G and
value in D(NTREE) participates in at least one solution, and every remaining dotted
edge is excluded from at least one solution.

Proof. We have already shown in the proof of Theorem 3 that every value in
[MINTREE, MAXTREE] participates in a solution. We now show that every remaining edge
(u, v) belongs to the forest in at least one solution. First, we construct a solution S with
MAXTREE trees as before. If (u,v) belongs to the forest, we are done. Otherwise, let
S’ = S U (u,v). If S’ is not a solution to the constraint, it can be either because it is
not a forest or because the number of trees in .S’ is not in D(NTREE). If it is not a forest,
it is because inserting (u,v) creates a cycle, but in this case (u,v) should have been
removed in Line 7. So the number of trees, which is MAXTREE — 1, is not in D(NTREE).
If there is a value in D(NTREE) which is smaller than the number of trees in .S, we can
merge trees as in the proof of Theorem 3 until we have a solution. Otherwise, it must
be that D(NTREE) = {MAXTREE}. But in this case, (u, v) should have been removed in
Line 15.

It remains to show that every dotted edge is excluded from at least one solution. Let
(u,v) be a dotted edge. We have shown above that there exists a solution S that uses
(u,v).Let 8" = S\ {(u,v)}. If S’ is a solution for the proper-forest constraint, we are
done. Assume, then, that S’ is not a solution. This can be either because it contains an
isolated vertex or because it consists of too many trees.

Assume that the removal of (u, v) created a singleton tree with the vertex u. Since
(u, v) was not turned into a solid edge in Line 19, we know that u has another neighbor
n, # v, to which it is linked by a dotted edge. If v did not become a singleton tree or the
number of trees was strictly larger than MINTREE, we can merge v into a neighboring
tree and obtain a new solution that does not use the edge (u, v).

However, if the number of trees was exactly MINTREE and both uw and v were iso-
lated, merging each of them into a pre-existing tree would leave us with MINTREE — 1
trees. Fortunately, this case is not possible. Indeed, assume that it has occurred. We
know that n,, belongs to a tree of the solution which contains at least two vertices and



which does not contain u or v. So the connected component of v (and v) in G contributes
at least two trees to the solution, and the solution must have more than MINTREE trees.
Finally, assume that after the removal of (u, v) we do not have any singleton trees,
but we do have one tree too many. If possible, merge two trees by a dotted edge other
than (u, v). If this is not possible, then it is because the number of trees is equal to the
number of connected components in G \ {e}, i.e., to MINTREE. If (u, v) was a bridge, it
would have turned into a solid edge in Line 11. So there is a cycle that contains (u, v).
Since we are not able to merge two trees after the deletion of (u, v), it must be that for
every dotted edge on the cycle, both endpoints belong to the same tree. This implies
that u and v are in the same tree after the deletion of the edge (u, v), which means that
there is a cycle in the forest S, a contradiction. O

Lemma 3. Every edge that the algorithm of Figure 4 turned from dotted to solid par-
ticipates in all solutions.

Proof. Assume otherwise, i.e., there exists an edge (u, v) that was turned from dotted
to solid but which is excluded from a solution S. If (u, v) turned into a solid edge in
Line 19 of the algorithm then G has an isolated vertex, so .S cannot be a proper forest.
So the transformation must have occurred in Line 11. In this case, we know that the
domain of NTREE is ground and contains only MINTREE, i.e., the number of trees in S
is equal to the number of connected components of G. But then any bridge of G, and
hence the edge (u, v), must belong to .S; a contradiction. O

5.4 Complexity

The complexity of checking whether the constraint has a solution is dominated by the
complexity of computing MAXTREE (all the rest can be done in linear time). To find
MAXTREE we need to find the cardinality of a maximum matching in Gy;4ypg and the
best known upper bound for this is () (m+/n) time [13]. Lines 3 to 9 take linear time: We
need to compute the connected components of Grryp and traverse the dotted edges,
spending a constant amount of time for each edge. Finding all bridges of G in Line 10
and detecting leaves in Line 19 also takes linear time.

So far, the bottleneck is the feasibility test which takes ()(m+/n) time. If the domain
of NTREE is ground and contains only the value MAXTREE, we need to execute also
Lines 13 to 17. Line 15 is trivial. For Line 16, we need to determine which edges of the
graph belong to at least one maximum cardinality matching. For bipartite graphs, this
can be done in linear time once a single maximum matching is known [11]. However,
we need to perform this task on arbitrary graphs. In Section C of the Appendix we
describe an algorithm that does this in @(mn) time.

Finally, for Line 19 we need an algorithm that receives a graph and a maximum
matching and detects which vertices of the graph are saturated in every maximum
matching. We show a linear-time solution in Section B of the Appendix.

Theorem 4. The algorithm of Figure 4 filters the proper-forest constraint to hy-
brid-consistency in @(mn) time if D(NTREE) = {MAXTREE} and in O(m+/n) time
otherwise.



6 A Summary of Known Results on tree Covering Constraints

This section highlights the commonalities and differences between the constraints
tree [1], resource-forest and proper-forest. All three constraints are defined on a graph
G = (V, &), directed or undirected, with |V| = n and |E] = m.

Figure 5 summarizes the best known running times for checking feasibility and for
achieving hybrid-consistency for each constraint. Figure 6 summarizes the main graph
properties used to determine relevant bounds on the number of trees allowed to cover a
given graph as well as the conditions for the existence of well-formed trees according
to the definition of each constraint. The last table indicates that four basic graph proper-
ties completely define these constraints: connected components (in undirected graphs),
strongly connected components (in digraphs), maximum matchings, existence of cy-
cles. For each of the constraints, necessary conditions and filtering rules were deduced
with known algorithms (e.g. dfs, maximum matching, connected component detection,
etc.) as well as new algorithms (e.g., identifying vertices which are saturated in any
maximum matching in an undirected graph). Observe that the lower and upper bounds
MINTREE and MAXTREE for the proper-forest constraint exactly correspond to the lower
and upper bounds on the number of connected components that appears in [14].

Trees Undirected trees
Graph Pattern
tree proper-forest | resource-, forest|
Checking feasibility||(O(n + m) O(my/n) O(n+m)
Hybrid-consistency || O(mn) |O(mn) [worstl, O(m+/n) [typicall] O(n + m)

Fig. 5. Best known upper bounds for three free covering constraints.

Trees Undirected trees
Graph Pattern
tree proper-forest | resource-forest
MINTREE |SCC sink (G)| |CC(9)| |CC(G)]
|CC(GrrUE)
MAXTREE | Rpotential (G)] |CC(Grrup)l+ with at least
w(Grmaver)
one resource|
at least one . no cycle in Grrue
. no cycle in Grrur
Well-formed trees potential root no isolated vertex in G one resource vertex
in each SCC of G in each CC(GrruE)
Compatible number of trees D(NTREE) N [MINTREE, MAXTREE] £ ()

Fig. 6. Graph properties characterizing solutions to the three free covering constraints.

Notation: For a graph H, the number of maximal CCs in H is |CC(H)|, the
maximum cardinality of a matching in H is p(H), the number of sink SCCs of H
is | SCC sink (H)| and the number of potential roots in H is | Rpotential (H)|.
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Appendix

A Omitted Parts of the Proof of Correctness of the Algorithm of
Figure 3

Lemma 4. The algorithm in Figure 3 never removes an edge from the graph or a value
from D(NTREE) that belongs to a solution.

Proof. Assume that there is a solution S which contains an edge (u,v) which was
removed in Line 7. Then there is a path of solid edges from u to v, and these edges are
also in the solution. But then the forest contains a cycle, a contradiction.

If an edge (u,v) was removed in Line 17 then NTREE = MAXTREE, i.e., the num-
ber of trees in the forest is equal to the number of maximal connected components of
Grrug that contain a resource vertex. Since each such connected component cannot
be broken in the solution, we get that no two of them can be merged, because then the
number of trees in the forest is less than NTREE. So (u, v) cannot belong to any solution.

If the algorithm removes a useful value from D(NTREE), this clearly contradicts
Theorem 1. a

Lemma 5. After applying the algorithm of Figure 3, every remaining edge in G and
value in D(NTREE) participates in at least one solution, and every remaining dotted
edge is excluded from at least one solution.

Proof. Let S be a solution with MAXTREE trees that is obtained by the construction in
the proof of Theorem 1.

Let (u,v) be an edge that was not removed from G. If it is in S, we are done.
Otherwise, it must be a dotted edge (all solid edges are in .5).
Case 1: If u and v are in different trees of .S, then S’ = S U (u, v) is still a forest (i.e.,
does not contain cycles). Clearly, every tree in S’ contains at least one resource (because
every tree in S does). If S’ cannot be in a solution, it must be because it has less than
MINTREE trees. Since it has MAXTREE — 1 trees, we get that MINTREE = MAXTREE, i.e.,
the number of CCs in G 7y that contain a resource is equal to the number of CCs in G.
This implies that every CC of G contains at most one CC of G rryg that has a resource.
So in S, either the tree of u or the tree of v does not contain a resource, contradicting
our assumption that S is a solution.
Case 2: Now assume that v and v are in the same tree of S. Since (u,v) was not
removed in Line 7, we know that u and v are not in the same CC of Grryg. So in the
path connecting them in S there is a dotted edge (u’,v’). Let S’ be the forest obtained
from S by removing (v, v’) and inserting (u, v) inits place, i.e., S’ = (S\ {(v/,v")})U
{(u,v)}. All solid edges still belong to .S’, which has the same number of trees as S
and induces the same partition of the vertices to trees. So S’ is a solution that contains
(u,v).

Next, we need to show that any remaining value k € D(NTREE) belongs to a solu-
tion. If the algorithm does not change the number of CCs of G rryg that have a resource
or the number of CCs of G, then the claim then follows from Theorem 1. Assume that it



does change these values. The number of CCs of G ryr which have a resource cannot
increase because solid edges are not removed or turned to dotted edges. If this number
decreased, it is because two previous such components were merged into one, and this
can only happen if a dotted edge connecting them turned into a solid edge. However, a
dotted edge can only turn into a solid edge if one of its endpoints belongs to a CC of
G with no resources or if it is a bridge of G and D(NTREE) = {MINTREE}. Clearly, this
edge belongs to every solution with & = MINTREE trees. As for the number of CCs of
G, it cannot decrease because we do not add edges to G. It also cannot increase because
an edge that is removed (in Line 7) is never a bridge.

It remains to show that every dotted edge (u, v) is excluded from some solution. We
have shown above that there exists a solution S that uses (u, v). Let S” = S\ {(u,v)}. If
S’ is a solution, we are done. Assume, then, that S’ is not a solution. This can be either
because it contains a tree without a resource or because it consists of too many trees.
If the removal of (u, v) created a tree T without a resource, then since (u,v) was not
turned into a solid edge in Line 10, we know that this tree belongs to a CC that contains
aresource, SO we can reconnect it with a resource by adding the appropriate edges to the
forest. On the other hand, if every tree of S’ contains a resource but S’ consists of too
many trees, then the number of trees in S is equal to the maximum value in D(NTREE),
which is at most MAXTREE. Assume that it is not possible to merge two trees by adding
a dotted edge other than (u,v). Then the number of trees in S is equal to the number
of connected components in G, i.e., to MINTREE. So D(NTREE) = {MINTREE}. If (u, v)
was a bridge, it would have turned into a solid edge in Line 14. So there is a cycle that
contains (u,v). Since we are not able to merge two trees after the deletion of (u,v), it
must be that for every dotted edge on the cycle, both endpoints belong to the same tree.
This implies that « and v are in the same tree after the deletion of the edge (u, v), which
means that there is a cycle in the forest S, a contradiction. O

Lemma 6. Every edge that the algorithm of Figure 3 turned from dotted to solid par-
ticipates in all solutions.

Proof. Assume otherwise, i.e., there exists an edge (u,v) that was turned from dotted
to solid but which is excluded from a solution S. If (u, v) turned into a solid edge in
Line 10 of the algorithm then G has a maximal connected component that does not
contain a resource vertex, so S cannot be a resource-forest. So the transformation must
have occurred in Line 14. In this case, we know that the domain of NTREE is ground
and contains only MINTREE, i.e., the number of trees in S is equal to the number of
connected components of G. But then any bridge of G, and hence the edge (u, v), must
belong to .S; a contradiction. O

B Identifying Vertices That Are Saturated By Every Maximum
Cardinality Matching (Omitted Part)

LetG = (V, &) be a graph and let M C & be a maximum matching in G. Let N (M) be
the set of vertices which are matched by M and /(M) = V \ V(M) the complement
of N (M), i.e., the set of vertices which are not matched by M.




We wish to identify the set S of vertices which are saturated in all maximum match-
ings in G. Clearly, if |M| = |V|/2 then S = V. Otherwise, N' (M) # (.

Lemma 7. AvertexvisnotinS iff there exists an alternating path P = (u1, usg, ..., uy =
v) from a vertex u; € N'(M) to v such £ = 1 or the last edge (ug—1,u;) on the path is
in M.

Proof. Let Abe the proposition v ¢ S, and B be the proposition 3P = (uq, ug, . . ., us)
from u; € N (M) to v such that £ = 1 or (ug—1,u¢) € M. We have to show that A <
B, for this purpose we first prove that =8 = —.A and next we show that -4 = —B:

— Let us suppose that VP = (uy,us,...,us) from uy € N(M) to v such that
¢ # 1 and (ug_1,us) ¢ M (e. °B). If up = v ¢ S then for any alternating
path P = (uy,us,...,up) such that uy,u; € N (M), there exists an augmenting
alternating path such that uq, uy, € N (M), thus uy = v ¢ S is impossible and as a
consequence uy = v € S (i.e. ~A).

— Let us suppose that u; = v € S (i.e. 7.A) then VP = (uq,us,...,us) fromu; €
N(M) to v is such that £ # 1 and (ug—1,us) ¢ M (i.e. =B). Indeed, if uy = v =
uy then v € N (M) which is impossible because v € S. Moreover, if (ug_1,u¢) €
M then for each path P, there exists an alternating path such that (u1,u2) € M
and (u¢—1,u¢) ¢ M then all adjacent edges of uy = v are non-matched which is
impossible because u; = v € S.

a

The algorithm initializes SAT = A(M) and then removes vertices from SAT if
there is an alternating path as in the statement of Lemma 7. The alternating paths will
be identified by a DFS traversal of the graph, which begins at a vertex which is not
saturated in M and proceeds along alternating paths. Whenever the traversal reaches a
vertex v € SAT by a matching edge, the algorithm removes v from SAT.

In an unrestricted DFS traversal, each vertex is flagged “visited” or “unvisited”.
Since we allow the DFS to proceed only along alternating paths, the status of each
vertex is now determined by two flags. The first determines whether it was visited by
a matching edge and the second determines whether it was visited by a non-matching
edge. The algorithm is shown in Figure 7. The root of the DFS traversal is a non-
matched vertex. Each non-matched vertex becomes the root in its turn, but note that
(as with ordinary DFS) the flags are not reset, so we do not know (or care) which non-
matched vertex was the root when a certain vertex was visited. The recursive function
DEFS receives the graph G, the matching M, the current set SAT, the current vertex v
and a Boolean parameter called “matching” which specifies whether the edge by which
this vertex was reached is a matching or a non-matching edge.

The following lemma states that the algorithm correctly identifies S.

Lemma 8. When the algorithm in Figure 7 terminates, SAT = S, i.e., the variable
SAT contains the set of vertices which are matched in every maximum matching in G.

Proof. Case 1: v ¢ S. Then by Lemma 7, there exists an alternating path P from an
unmatched vertex u to v, such that P is empty or ends with a matching edge. We prove
by induction on the number of non-matching edges £ on P that v ¢ SATv. In the base



procedure AlwaysSaturated (G, M)

SAT = N(M);

. forall veV do
visited_by_matching_edge(v) < no;
visited_by non_matching_edge(v) < no;
. forall root r € N(M) do

DFS (G, M,SAT,r, yes));

o U1 W N

procedure DFS (G, M,SAT, v, matching)

1. if matching = yes then (* v is a root or was reached by a matching edge *)
2 if visited_by_matching_edge(v) = yes then return;

3 SAT «— SAT\ {v}.

4 visited_by_matching_edge(v) «— yes;

5.  forall (v,u) € £\ M do

6. DFS (G, M,SAT,u, no) ;

7. else (* v was reached by a non-matching edge *)
8 if visited_-by non_matching_edge(v) = yes then return;
9 visited_by_non_matching_edge(v) «— yes;

10. if J(v,u) € M then

11. DFS (G, M,SAT,u, yes) ;

Fig. 7. Algorithm for detecting always-saturated vertices.

case, £ = 0, v € N (M) and v will be visited as a root, with the variable “matching”
set to “no”. It will then be removed from SAT.

For the induction step, assume that the algorithm correctly identified all vertices
which are not in S and which are reachable from an unmatched vertex by an alternating
path that ends with a matching edge and contains £ — 1 non-matching edges. Let v be
a vertex which is reachable from a non-matched vertex r by an alternating path P’ =
(r = uy,uz,...,us = v), which traverses ¢ non-matching edges. By the induction
hypothesis, the vertex uss—o was removed from SAT. So us,—1 was visited by a non-
matching edge, and hence uo, was visited by a matching edge and was therefore also
removed from SAT.

Case 2: v € SAT. Then by Lemma 7, v is not unmatched by M so it is inserted into
SAT. It is easy to see that if it is later removed from SAT, this is because it is reached
through a matching edge by an alternating path from an unmatched vertex. But then by
Lemma 7 it is not in S, a contradiction.

O

C Identifying Edges That Do Not Belong To Any Maximum
Cardinality Matching (Omitted Part)

Let G = (V,&) be a graph and let M C & be a maximum matching in G. We wish
to identify the set of useful edges, i.e., edges which belong to at least one maximum



matching in G. We therefore need to find edges that belong to either an alternating path
starting with a non-matching edge and ending with a matching edge, or an alternating
cycle.

For each vertex u, we identify the set of vertices that are reachable from u by a
simple alternating path that begins and ends with non-matching edges. This can be
done by a suitable DFS traversal, which can also identify the edges on alternating paths
beginning with a non-matching edge incident to w.

We now describe how this information can be used to determine whether a particular
non-matching edge belongs to an alternating cycle. Let (z, y) be a non-matching edge.
It can belong to an alternating cycle only if there are u, v such that (x,u) € M and
(y,v) € M. Assume that there exists a simple alternating path between u and v that
begins and ends with non-matching edges. Since = and y are incident on matching edges
connecting them with the path’s endpoints, the path cannot visit either one of them: If
the path leaves x (y) by the matching edge, it reaches u (v) by a matching edge. Since
it must end with a non-matching edge, it must continue and enter v by a non-matching
edge. So the path visits u (v) twice, i.e., it is not simple. By symmetry, it also cannot
enter = (y) by a matching egde. But it is an alternating path, so it cannot both enter and
leave by non-matching edges. Hence, it does not visit x and y.

In other words, the simple path and the path (u,z,y,v) combine into a simple al-
ternating cycle. Clearly, if there is an alternating cycle containing (x,y), then it must
contain the path (u, z,y,v).

To summarize, the algorithm performs n DFS traversals, one from each vertex, and
determines which vertex-pairs are connected by a simple alternating path that begins
and ends with non-matching edges. This takes O(mn) time. Then, using this informa-
tion, the algorithm traverses the non-matching edges and for each such edge (z,y), if
there are matching edges (x,u) and (y,v), it checks whether this 2-path can be com-
pleted to an alternating cycle. This can be done in constant time per edge after proper
preprocessing.



